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The Calculated Thermodynamic Properties of Superfluid Helium m 4 

James S. Brooks* and Russell J. Donnelly 

Institute of Theoretical Science and Department of Physir·s. University of Orel!on. EII(1.ene, Ore{wTl C)740.~ 

Comprehensive tables of the primary thermodynamic properties of superfluid helium-4, such ~s the 

specific heat and entropy. are presented as computed from the Landau quasiparticle model, with the 
aid of inelastic neutron scattering data. The neutron data are represented by continuous functions of 
temperature, pressure, and wave number and certain excitation properties such as number density, 

normal and superfluid densities are calculated directly from it. A discussion of the methods used in our 
computations is included, and comparisons of computed and experimental results are made where 
applicabJe. Certain inadequacies of present theoretical methods to describe the thermodynamic prop· 
erties are reported, and the use of an effective spectrum is introduced to offset some of these difficulties. 
Considerable experimental effort is also needed to improve the present situation. 

Key words: Computed thermodynamic properties; entropy; equation of state; excitation spectrum: 
helium-4; normal fluid helium-4; phonons: rotons: specific heat; superfluid helium-4. 
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THERMODYNAMICS OF SUPERFLUID HELlUM-4 

Nomenclature- Continued 

expression Physical quantity Unit symbol or value 

q=p/h 

po 

Pc 
n(p) 

S(q, w) 
S 

a" 

C1' 
y=CI'IC r 

Vo,Lo,Fo, 
11>0, Wo, 

Wave number of excitation I A A -I = 1010 m I) 

M.omentum at the roton minimum g'cm's- I 

Momentum at which d€/dp= UI g'cm's- 1 

Distribution of excitations as a 
function of momentum 

Roton energy 
"Thermal" roton energy 

Rulon effective mass 

K 
K 
m 

"Thermal" rotan effective mass m 

Half width of scattered neutron 

distribution..;- k 
Dynamic structure factor 
Entropy 
Velocity of first, second, fourth 

50und 

Velocity of first, second sound, 
uncorrected 

Energy of maxon peak..;- k 
Roton numb<;r density 

Phonon number density 
Coefficients of excitation energy 

series 
Coeffioient of thermal e:l1panlOion 

Isothermal compressibility 
Gruneisen constant 
Latent heat 
Helmholtz free energy 
Gibbs free energy 
Enthalpy 
Specific heat at constant 

K 

K 

K·A" 
l(-l 

J.g-I 
J.g- I 

J.g-I 
J.g- 1 

pressure J'g-I·K-I 
Specific heat at constant volume J.g-I. K-l 
Ratio of specific heats 

Ground state (T= 0) values of 
etc. quantities 

V E, FE. <P E , Finite temperature values uf 
WE' etc, quantities due to excitations 

only 

53 

1. Introduction 

liqUid helium is a rewarding subject for the study of 
thermodynamic properties, especially because helium II, 
the lower temperature phase, exhibits the property of 
superfluidity. The hydrodynamics of this phase are extra
ordinary: both normal viscous behavior and superflow 
may be exhibited in closely related experiments. Pheno
menolOgIcally, one speaks of a "two-fluid" behavior in 
which the fluid (of density p) 1 acts dynamically as if a 
fraction of effective density Pn flows as a normal fluid, 
and a fraction of effective density p,,= P Pn flows as an 
in viscid fluid. This two-fluid motion of helium II leads to 
some very unusual results, such as the wave-like rather 

than diffusive propagation of temperature fluctuations 
(called second sound). Furthermore, the thermodynamic 
properties are deeply related to the hydrodynamic: for 
example, the Gibbs free energy is related to the square of 
the relative velocity between the two fluids. We shall be 

concerned principally with the static properties of helium 
II in which all net flow velocities are zero. 

I All symbol5 used in thi, paper ar .. defined in the ~"ctitln lab .. lt'd Nomenclature. 
" Fiilures in bracket~ indicate literature references in s,·,'lion 7 

3 Experiments at liquid helium temperatures alm .. ~t the 1958 vapor pr"s~urt' 
sf'ale [12]. Cal!tion sllOuld be used with .. arlier d~\t". 

On a deeper level, one has the Landau picture [1] 2 

in which the entire fluid is superfiuid at absolute zero. 
As the temperature 3 is raised, the heat content is 
described entirely in terms of "elementary excitations" 
of the superfluid. At low temperatures these are "pho
nons", at higher temperatures more excitations 
called "rotons" are excited. 

The energy € (=liw) and momentum p ) of the 
elementary excitations in superfluid helium may be 
represented by the excitation spectrum (dispersion 
cu-rve) first pr~posed by Landau [lJ which is shown 
schematically in figure L We will refer again to this 

J. Phys. Chern. Ref. Data, Vol. 6, No.1, 1977 
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FIGURE 1. A schemalic diagram of the excitation spectrum fIJr 

helium II. De.\aill:- and labels are di!"eus-sed in the text. 

figure in subsequent sections. 1n recent years many of 
the features, and in some cases the entire dispersion 
curve, have been measured by inelastic thermal 
neutron scattering techniques for different pressures 
and temperatures. (See for example references [2-10].) 
Landau has put forth a simple but elegant theory which 
allows one to calculate the thermodynamic properties 
of He II at low temperatures from the excitation 
spectrum. 

The purpose of this paper is to give an account of 
the equilibrium thermodynamic properties of He 11 
and related quantities such as the velocities of first, 
second, and fourth sounds and properties of the ex
citations themselves. These quantities are used in a 
wide variety of contexts, both experimental and the
oretical; and it is often important that the data for 
different properties be thermodynamically consistent. 
The ideal solution to this problem would be a critical 
compilation of experimental properties over the entire 
T-P plane for He II, and some day this will undoubtedly 
be possible. At the time this project was begun (1972), 
the tables in the appendices of the books by Wnks [11] 
and Donnelly [l2} were the most complete available, 
and far from adequate for the task undertaken here. 

Another promising avenue is the use of Landau's 
theory mentioned above. The thermodynamic properties 
along the vapor pressure curve have been extracted 
from np.lltrnn ~r.attp.ring mp.asllrp.mp.nts with fp.asonahlp. 

success hy Bendt, Cowan, and Yarnell [10]. We have, 
then, the possibility that direct thermodynamic meas
urements can be supplemented by the increasing body 
of neutron data indicated by the references cited. In 
particular, we were greatly encouraged by the appear
ance in 1972 of the landmark study of neutron scattering 
from rotons by Dietrich, Graf, Huang, and Passel1 at 

Brookhaven National Laboratory [3). 
The superfluid region of the helium P-T phase dia

gram is shown schematically as the shaded portion of 
figure 2. It is to this area that our analysis and sub-
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FIGURE 2. A schematic phase diagram for helium-4. The pressure 

of the liquid-ga!" transition line has been exaggerated. 

The hexagonal close· packed and body centered cubic 

(bee) phases of the solid are shown, as are the loci of 
zero I hermal expansion (dashed lines). 

sequent tabulations apply. For all pressures in this 
shaded region, there is a temperature Tr... (P) above 
which the superHuid properties cease to exist, and one 
has a classical liquid phase (called helium I). The line 
which separates these two regions is called the lambda
line, in recognition of the characteristic anomaly in the 
specific heat observed along this line. In this paper, 
we do not treat the thermodynamic properties in the 
immediate vicinity of this line_ Such a treatment has, 

however, been undertaken in an earlier volume of this 
Journal, by McCarty [13], who has reported on the 
thermodynamic properties of helium I; and IUPAC 
Helium-4 tables by Angus, de Reuck, and McCarty [14] 
are in the process of completion at the time of writing 
of the present article. 

The results described here are the result of a lengthy 
series of investigations by our research group at the 
University of Oregon. The first product of our analysis 
of the Brookhaven data was a report on the Landau 
parameters [15]. An early attempt at approximating 
the dispersion curve in a piecewise fashion was reported 
at LTl3 [16]. This proved to be imprecise and was 
succeeded by the series representation used in this 
paper [17]. The results of these investigations were 
summarized in the Ph. D. thesis of 1- S. Brooks, which 
::lppp::trprl in 197~ [lR] We i<;<;:l1pd the T::tblp!O. from th::lt 

thesis in the form of a University of Oregon Technical 
Report in December 1973 [19], requesting contributions 
from other laboratories. W- e were gratified to receive a 
number of suggestions, corrections, and reports of new 
experimental work. In particular, the thesis of Van 
Degrift on the expansion coefficient [20]. and a syste
matic study of first, second, and fourth sound by May 

nard and Rudnick, began at UCLA, have been extremely 
useful, as has. some independent work on dispersion 
curves by Dr. Maynard [211. Since this work was sub
mitted_ the VeLA measurements have been completed 



THERMODYNAMICS OF SLJPERFLUID I-IELlUM-4 55 

and sent for publication as shown in [21]. 

The problem of the proper treatment of the statistical 
mechanics of interacting Bose excitations has taken 
considerable effort. Much confusion about the effects 
of temperature-dependent levels and thermal expan
sion has been removed with the recent appearance of 
papers by Goodstein, Brooks, Donnelly, and Roberts 
[22]. Roberts and Donnelly [23, 24J. In particular. the 
latter ::mthoT<; h::we rleveloperl the !'.f':t of f':"Xprf':~SiOn8 

displayed in table I which allow the calculation of the 
equilibrium properties of He II when the energy levels 
of excitations are known from experiment. This is the 
basis of the present calculated tables. which represent a 
considerable advance in accuracy over the calculations 
in our earlier work [18, 19]. For example. the need for 
an empirical equation of statc is eliminated altogether. 

The computations reported here have been carried 
out by James Gibbons on a Hewlett-Packard 2100 A 
computer. 

2. Theoretical Background 

Although several authors have discussed the Landau 
spectrum and theory in detail (see, for example, Wilks 
[11], Donnelly [12], Keller [25], Khalatnikov [26]) we 
present here a brief description for completeness. 
Landau's theory for superfluid helium is based on the 
assumption that the thermal excitations in the liquid 
can be described as constituting a weakly interacting 
gas with the energy spectrum given as the solid line in 
figure 1. It is also assumed that these excitations obey 
Bose statistics, and therefore the number density of 
excitations of a particular momentum, n (p) is given by 

(1) 

From this expression, we see that the low-lying regions 
of the energy spectrum will contribute predominantly 
to the thermodynamic properties, and referring to figure 
1 we find that there are two such regions on interest. 
The first is for small momenta, where the spectrum is 
approximately linear, and is called the phonon branch. 
The other is the energy minimum about momentum 
po, which is nearly parabolic and is called the roton 
branch, or roton minimum. Here the energy is much 

but the density of states is also very large. 
The experimentally observed values of the minimum 

roton energy !l are large enough that the Boltzmann 
distribution is an adequate approximation to eq (l). 

As a rough guide to thinking of the thermodynamics 
of helium II, it is sufficient to recognize that below 1 K, 
thp phonon excitations are the more numerous and 

dominate the thermal properties, whereas at 
temperatures the number of rotons increases exponen
tially with temperature, and rotons become predominant 
thermodynamically above 1 K. 

If one knows the dispersion curve of the excitations, 
it is straightforward to construct a partition function 
and proceed by standard statistical mechanical methods 
to compute the entire set of equilibrium properties of 
the liquid. As we shall see, this idea.l is far from realiz
able today. 

At very low temperatures, when the liquid is rela
tively free of excitations, inelastically scattered neutrons 
are observed to form a very sharp spectrum. limited 
only by the instrumental resolution of the analyzing 
spectrometer. The location of this spectral line is taken 
as a measure of the transfer of energy from the incoming 
neutron beam to single phonons in the liquid, for a given 
momentum transfer p set by the spectrometer. The 
result of many such measurements is an excitation 
spectrum such as is shown in figure 3. It appears the 

oretically reasonable, and experimentally fairly certain, 
that the observed excitation spectrum can be identified 
with the dispersion curve of the elementary excitations 
in the fluid at low temperatures. 

::s::: 

>, 
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FIGURE 3. The determined excitation spectrum at 
1.1 K, The are the neutron scattering data 
of Cowley and Woods [2]; the solid line is eqs (20) and 
(14). The error bar is the smallest experimental error, 
and is not to be associated with anyone data point. 

At higher temperatures, however, Yarnell et aL [9], 
and Henshaw and Woods [5J observed that the widths 
of the scattered spectra increase rapidly with tempera
tures. For rotons (at (c) in fig. 1) the linewidths, as 
measured by the half-width at half maximum r, approach 
the magnitude of the energy itself as T approaches 
T" (i.e., r -?- --- Ll as T-?- T'A). This means, among other 
things, that the lifetimes of the excitations are decreas
ing rapidly with temperature. Furthermore, 
the roton energy 6. is observed to decrease with increas-
ing T and P. 

The scattered neutron intensity is proportional to 
the dynamic structure factor S (q, w) which is in turn 

related to density-density correlations in the fluid. The 
unfolding of the experimenta1 scattered neutron spectra 
in terms of assumed forms for S (q, w) has been dis
cussed in detail by Dietrich et aL [31. To the best of 

J. Phys. Chern. Ref. Data, Vol. 6, No.1, 1977 
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our knowledge at the time of writing. no one has been. 
able to make a rigorous connection between S (q, w) 

at finite temperatures and the energies which enter 
the thermodynamic calculations. Dietrich et a1. [3] have 
included the linewidth r in their thermodynamic cal
culations in an ad hoc way; perhaps a complete theory 
will require considerable information on the observed 
line shape. 

If one were to brush aside the considerations of the 
last paragraph and try to work with the unfolded dis
persion curve e(q), one would still have the problem 
of treating the statistical mechanics of interacting Bose 
excitations whose interactions are manifested by an 
observed dependence of E (q) on T and P. Bendt, Cowan, 
and Yarnell [10] argue that when E (q) is a function of 
T alone, the entropy should be given by 

v 1'" [ nE] S = 217 2 0 kIn (1 + n) + T q2dq, (2) 

where n is the Bose distribution function (1). Roberts 
and Donnelly [23] have J.lle::seJlleJ ,ugument::. to ~how 

that even at arbitrary T and P, 0) and (2) are still valid 
provided € (q) is available from experiment. They have 
presented a way in which all the thermodynamic prop
erties may be consistently deduced from experimental 
dispersion curves (24). We show in table I the expres
sions which they have derived for the quantities of 
interest in the present study. In table I we have omitted 
the subscripts on cx.p and KT for clarity. 

T ABLE I. Expressions for thermodynamic quantities 

s Vk r x [nE 1 ] ,) 
2IT2Jo kj+ n(1+n) q-dq 

v 1 lTVdT JX [(an) Kq (an) ] Vo(P)-----:;- - E - +- - q2dq 
2IT- 0 T 0 ap r. a 3 aq P. T 

cxp - _1 ('" E [(an) + ~2. (~) ] q2dq 
2IT2T Jc aP 1',q 3 aq P,T 

F V 11' dT r'" E (an) Fo(V)+---:; - - - q 3 dq 
2IT- 0 T Jo 3 ciq I'. T 

w 1 !aT J" [(an) cxq(an\ l <Po(P)+-2 ~ VdT E -:-7 --:-) q~dq 
1T 0 0 d 1'. q 3 iJq p, T 

V (-r. [(an) cxq (iln') ] - E - -- - q2 dq 
2IT2 Jo aT 1'.</ 3 aq 1'.1' 

J. Phys. Chem. Ref. Data, Vo!' 6, No.1, 1977 

3. Experimental Data Used in the Analysis 

In this section the experimental data underlying the 
Landau theory is discussed. 

3.1. Data Obtained by the Inelastic Scattering of Thermal 
Neutrons from Helium II 

The energies and line widths of the elementary 
excitations of helium II are obtained from examination 
of inelastically scattered thermal neutrons. The tech
niques are discussed in detail, for example, in a recent 
review article by Woods and Cowley [8]. We shall use the 
measured energy spectrum, following Bendt, Cowan, and 
Yarnell (10], as the basis for our computations of the 
thermodynamic properties of helium II from the Landau 
theory. A completely determined experimental excitation 
spectrum is shown jIl figun~ 3 [UI T~ 1.1 K, at the SVP. 

The shape of this spectrum is a complicated function of 
pressure and temperature, and to use the Landau 
thpory onp must first know the detailed spectrum for 
every value of P and T. A complete set of data for a 
single pressure and temperature such as is shown in 
figure 3 is a major experimental undertaking. Hence it is 
necessary to find a method of estimating the energy 
spectrum for general P and T accurate enough that 
derivatives such as appear in table I may be accurately 
determined. In the sections below, we di5cuss the salient 
features of the excitation spectrum obtained from 
various kinds of experiments, and in section 3.l.e we 
describe a method of representing the spectrum as a 
power series in momentum, with pressure- and 
temperature-dependent coefficients. 

3.1.0. The Phonon Branch 

For momentum p decreasing to zero, the phonon 
branch of the energy spectrum approaches linearity, 
in accordance with theoretical predictions (cf. Feenberg 
[27]). Here we take the energy spectrum, as indicated 
at (a) in figure 1, to be 

lim e(p) = UIP, 

p-'>O 

(3) 

where Ul is the velocity of ultrasonic (first) sound, a 
temperature- and pressure-dependent quantity which 
may be determined experimentally either from the slope 
of the excitation spectrum in the zero momentum limh, 

or more conveniently from experimental first sound data 
(see section 4.2.a). 

The first non-linear terms correcting eq. (3) for small, 
but non-zero, momenta have been the subject of much 
controversy in the literature in recent years (see 
Svensson, ,~/ oDds, and Martel [7], and references there
in). These terms may affect the behavior of, for example, 
the specific heat at temperatures below 0.45 K, as 
suggested by Phillips, ~! aterfield, and Hoffer [28]. We 
will return to this question in section 3.l.e. 
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a.l.b. The Maxon Branch 

The elementary excitations which have energies at 
or near the first energy maximum, (b) in figure 1, have 
come to be called "maxons". This part of the spectrum 
has been measured at 1.1 K, at the vapor pressure as 
indicated in figure 3, and the peak position has been 

determined for various pressures at 1.18 K by Graf, 
Minkiewicz, M¢ller, and Passell [6] Measurements 
have also been made by Henshaw and Woods at the 
vapor pressure and 25.3 atm [4]. From the existing data 
on the maxon part of the spectrum, we conclude that 
the peak energy is density dependent only, since no 
shift in the peak position in momentum space has been 
observed. Very little data exists on the temperature 
dependence of the maxon peak. Figure 1 of Bendt, 
Cowan, and Yarnell [10J and figure 20 of Cowley ~ncl 

Woods [2] suggest it decreases slowly with tempera
ture. Because the maxon energies are relatively high, 
their contribution to the thermal properties is very 
small, and the details of this part of the spectrum are 
not critical to the computations in this paper. 

We represent the density dependence of the maxon 
energy by the expression 

where po is the density at T= 0 and the coefficients 
En are 

A'o=- :llo.5072 (K) 

E1 = 3998.6005 

E2 = - 23028.6027 (K' g-2 . cm6) 

E3 = 44199.7232 (K' g-a . cmO) 

Equation 4a is a fit to the neutron data of Cowley and 
Woods [2] and Graf et al. [6] and is plottecl with the cl~ta 

in figure 4. The rather slow temperature dependence of 

15.0 

14.5 
g 

~ 
'" 14.0 

13.51,:-: :-=--___ :-::-' =--___ ~:-----:::'=__---~! 
.140 .150 .160 .170 .180 

DENSITY (g.cm-3) 

FIGURE 4. The density dependence of the maxon peak. Triangle, 
Cowley, and Woods [2]: circles. Graf et al. [6]: solid 
line. eq (4). 

the peak is represented by 

Values of Emax(T, P) are given in table 21, the conver
sion to pressure being obtained from the equation of 
state. 

3.1.c. The Roton Minimum 

The region of the spectrum denoted (c) in figure 1 is 
called the "roton minimum" and can be very well repre
sented by Landau's parabolic expression 

Eroton=A+ (p-po)2/2/-l-, (5) 

where A is the minimum roton energy, or energy gap, 
po i5 the roton momentum at minimum energy, and p. is 

the effective mass of excitation near po. These three 
quantities which describe the roton minimum are called 
the '"Landau parameters", and have the typical values at 
1.1 K, SVP ofll/k=8.68 K,po/n=1.91A-1, and p..= 
0.16 m. The temperature, pressure, and density depend
ence of these parameters are best known from the exper
imental work of Dietrich et al. [3], who find that ~ and 
J.L decrease with increasing temperature and/or pressure, 
but that po is a function of density only: 

Po/Ii = 3.64 p1/3 'A -1. (6) 

Values of eq (6) are given in table 24. 
Donnelly [15J has provided simple relations for the 

density dependence of ~ and t.L at T= 0, and also for the 
relation between ~ and J.L at finite temperatures: 

and 

~(p, O)/k= (16.99 -57.31p) (K), 

J1- (p, 0) = (0.32 -1.103p) (m). 

/-t (p, T) _ !l (p, T) 
/-t(p, 0) - ~(p, 0)' 

(7) 

(8) 

(9) 

An expression which describes the temperature and 
density dependence of !l(p,T)/k has been given by 
Brooks and Donnelly [16]: 

(10) 

where Pn is the normal fluid density and Nr is the roton 
nlJmh~r d~n~ity (both quantities will be discussed in sec
tion 4). Here, a=8.75 X 10-23cm3·K. Equation (10) 
gives a good qualitative description of the data of Diet
rich et al. [3] to within 20% for !l[and J.L through eq (9)] 
below the lambda point. These expressions are dis
cussed in detail by Brooks [18]. 

Recently, motivated by (10), we have performed a 
lCd5t 5qudrca fit on the data for A and p., using expres-
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eqs through represent the most 
important features of the excitation spectrum. We have 
discovered, by theoretical considera-
tions that a in 
momentum without a rrl1"'rI'TQTlr> term 

is an excellent representation for the excitation spectrum 
in the momentum interval 0 ~ P ~ pc, and that using 
eq (14) for the interval ~ ~ 3.0 1, one has a 
continuous expression for the spectrum which may be 
used to great advantage in the computation of thermo
rlunarn",.. properties based upon the Landau theory. Note 
that if eq is continued above pc, it diverges nega-

as indicated by the dotted line in figure 1. Hence 
care must be used to eq above Pc. 

The coefficients an of eq may be obtained for any 
temperature and pressure by applying the conditions 
imposed eqs , which in turn will 

on T and P. Since there is no constant term, and 
the first cOf~fficient must be Ul. the prohlem of determin
ing the coefficients an is reduced to six equations 
with six unknowns, at any temperature and pressure. 

The degree to which eqs and fit the neutron 
scattering data is shown as the solid line in figure 3 at 
1.1 K, SVP, and again by the solid lines in figure 7 at 

w 

o 

FIGURE 7. The excitation spectrum at two pressures at K. 
Dots. SVP. open circles, 25.3 atm. Henshaw and Woods 
[4]: Iriangies, 1.25 K, 24.26 atm, Dietrich el al. [3]: solid 
lines, eqs (20) and (14). 
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1.1 K, a1 and at 25.3 atm. The D.VT-'n ... 'Yn~'" values 
were used in eqs through to obtain these 
One can appreciate from figure 7 how the spectrum 
changes with pressure. 

As mentioned in section 3.l.a. a controversy surrounds 
the exact form that eq (20) should for small 
momenta. We make here several comments concerning 
our choice of eq First, we found that a series with 
no term was by far the best fit to the neutron 
data. A detailed comparison of several series is given by 
Brooks one can see inspection of the 
results of such calculations that the coefficient of the 
first nonlinear term a3 sign upon increasing 
pressure. We find this to be consistent with the results 

et a1. (see Brooks and ). 
the form of eq has prompted us to make 

some calculations concerning the low temperature 
behavior of the second sound (Brooks and Don-

). The second sound is quite sensitive 
to the leading terms in (20) and a careful measuremem 
would serve as a check on the form we have chosen [30J. 

3.1.f. The Effective Sharp Spectrum for Thermodynamics 

If we use the neutron model curves de-
scribed in the previous section to compute, say, the 
entropy from table I, we discover' that the agreement 
with the determined entropy is quite 
good at low temperatures for all pressures. At higher 
temperatures, however, the calculated entropy lies 

For at the vapor pressure, 
the calculated entropy exceeds the by 
17% at ~ 2.1 K; at 15 atmospheres the calculated entropy 
is U% high at ~ 1.9 K. and at 20 atmospheres it 1~ 2.~% 
high at ~ 1.8 K. This same trend may be seen in figure 17 
of Dietrich et at who, however, made a correction 
to the formula for S an additional integration over 
the llnewidth. The departures between ca1culated and 
measured entropy occur at about the same value of 
(T>-. - at all pressures, and to the tem
peratures at which the linewidths of the scattered 
neutron distributions start to grow The re

in interpretation has been referred to 
in section 2 above. 

Brooks we have the idea 
of constructing an effective dll::ipe'fSl.on 

represents the energies which 
H:~~ ull~ ill i:H':CUl J w ilh ex vellweuL Thll::i ll::i June by nULing 

that the constraint among eqs which can 
be varied at all within uncertainty 
is the exact value of Il in (18) rand also of J.L since it is 
'-'V'"IJU~~,U from eq We therefore allow Il to 
retaining all other constraints as before, and a 

curve identical with the neutron data except 
for the precise value of !:J., computing Ii- from eq (9). 
This spectrum assumes there is some effective sharp 
frequency (that is, r ~ 0) for each value of q; since 
there is but one the resulting effective 
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spectrum is unique. An extensive numerical investiga
tion has demonstrated the great utility of such a 
spectrum. 

We find: 
(1) The effective spectrum is capable of yielding ac

curate thermodynamic results over all pressures and 
temperatures up to ~ (T-J\ - 0.1 K). All quantities calcu
lated from table I and this spectrum appear to be in 
reasonable agreement with experiment. 

(2) The effective spectrum is consistent with the 
observed functional form of the spectrum determined 
by neutron scattering. It coincides with the neutron 
spectrum within experimental error at low temperatures~ 
and at high temperatures the difference between the 
observed and effective values of 11 is such that (l1effective

I1neutron) < f. 
(3) Because the effective spectrum is unique, the 

exact value of 11 can be chosen by reference to more 
than one thermodynamic quantity. We have used en
tropy, expansion coefficient, and normal fluid density. 

(4) The points listed above allow one to guess that 
the effective spectrum is probably a reasonable repre
~pntHtlon of tllP pnprglPs of plpmpntHry PxP.ltHtlon~ of 

helium II. 

3.2. The Thermodynamic Data 

In order to use the formulas provided by the Landau 
theory, we need an equation of state to relate the pres
sure, volume (or density), and temperature, and from 
which we may obtain the velocity of first sound. Like
wise, to test the results of our computations, we need 
calorimetric data, primarily entropy and specific heat. 
We now discuss these experimental data. 

3.2.a. The Equation of State 

Many of the parameters of the excitation spectrum 
depend on the density, and terms in the density, or 
molar volume, appear in expressions of the Landau 
theory (table 1). It is therefore imperative to have a 
suitable equation of state or "PVT" relation. Our rela
tionship is based upon the work of Abraham, Eckstein; 
Ketterson, Kuchnir, and Roach [31], who showed that 
as T ~ 0, the equation of state can be written 

P=Ao(p-po) +A 1(p-Po)2+Adp-po)3, (21) 

where pu is the density at P - 0, T = 0; AI) = 560 atm 

g- l cm3, Al = 1.097 X 104 atm g-2cm6, and A2 = 7.33X 
104 atm g-3cm9. The "ground state" molar volume, 
Vo(P) == V (0, P) is calculated from eq. (21) by a root
searching technique. 

Before the methods which led to the expressions in 
table I were developed, an empirical equation of state 
generalizing (21) was developed by Brooks [18]. This 
empirical equation of state was based on (21) and the 
data of Boghosian and Meyer [32], Elwell and Meyer [33], 
and Kerr and Taylor [34]. It was sufficiently accurate to 

give a good account of the density and isothermal 
compressibility, but was not sufficiently accurate to 
calculate the expansion coefficient. 

Since this work was begun, a thesis has appeared by 
Craig Van Degrift [20] which employs the dielectric 
method for determining the density and expansion 
coefficient at the vapor pressure. Dr. Van Degrift has 
kindly supplied to us a table of data corrected to zero 
pressure. We have abstracted some of his data in table 
n. His complete results are in the process of preparation 
for publication. We should like to encourage the 
acquisition of data of comparable accuracy at a series 
of higher pressures. 

T ABLE II. Density differences and expansion coefficients corrected 
to P = 0 as determined by Van Degrift [20]. po = 0.145119 g/cm3 

T I (p-po)/POX}06 (Xp(K-l)xl06 

0.30 - 2.255 29.49 
0.35 - 4.122 45.96 
0.40 - 6.931 67.28 
0.45 -10.94 93.93 
0.50 - 16.42 126 . .3 

0.55 - 23.67 164.5 
0.60 - 32.95 207.7 
0.65 - 44.49 254.2 
0.70 - 58.37 300.5 
0.75 - 74.46 342.1 
0.80 - 92.40 373.3 
0.85 - 111.5 387.9 
0.90 - 130.8 380.2 

0.95 - 149.1 345.4 
1.00 - 164.8 279.8 
1.05 - 176.5 181.0 
1.10 - 182.4 47.48 
1.15 - 180.6 - 122.3 
1.20 -169.5 - 330.4 
1.25 -146.9 - 580.2 
1.30 - 110.7 - 876.4 

1.35 - 58.43 -1223.0 
1.40 12.50 -1622.0 
1.45 104.5 - 2062.0 
1.50 218.9 - 2511.0 
1.55 356.7 - 3045.0 
1.60 524.0 - 3652.0 
1.65 722.8 - 4304.0 
1.70 955.7 - 5015.0 
1.75 1226.0 - 5806.0 
1.80 1539.0 - 6699.0 
1.85 1899.0 -7724.0 
1 00 2315_0 -IN22.0 

1.95 2797.0 - 10360.0 
2.00 3360.0 - 12140.0 
2.05 4025.0 -14480.0 
2.10 4833.0 - 17990.0 
2.15 5896.0 - 25880.0 

3.'l.b. The CalDrimetric: Oato 

The most fundamental calorimetric property directly 
accessible experimentally is the entropy S, which can 
be measured in an unusual way by employing the thermo-
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mechanical effect. The entropy is calculated from the 
relation 

(22) 

where 6.P and 6.T are the differences in pressure and 
temperature between two chambers of helium II con
nected by a superleak. This relation, which is a direct 
result of the two fluid nature of superfiuid helium, is 
discussed in the standard references 12,25,26]. 

The specific heat C may be obtained by conventional 
calorimetric methods, and the entropy may be com
puted from the results by the relation 

(23) 

The entropy is available from the thermomechanical 
effect data of Van den Meijdenberg, Taconis, and De 

Ouboter [35] in the temperature range l.15 ~ 
T~ 2.05 K and pressure range 0 ~ P ~ 25 atm. The 
specific heat capacity measurements of Wiebes [36] 

cover the same range of pressure, but the temperature 
range 0.3 ~ T ~ 1.65 K. We have used these two sets of 
data in our analysis, since they cover nearly the entire 

phase, and are in reasonable mutual 
agreement. 

The specific heat has also been measured 
Waterfield, and Hoffer [28]. Through the kindness of 
Professor Phillips and Dr. Hoffer we have had access 
to some of their original calorimetric measurements, 
which are in satisfactory agreement with those of 
Wiebes (see, for example, Brooks and Donnelly [17], 

2). The publication of the final data from these 
experiments is still awaited. 

4. Computational Methods and Comparison of 
Computed Values With Experiment 

In this section we discuss the way in which each of 
the tabulated properties given in Appendix A is obtained, 
and describe to what degree of accuracy the computed 

values agree with the corresponding experimental data. 
Direct references are made to the tables. 

4.1. Generation of the Effective Spectrum 

We discussed in section 3.1.f above, the concept of an 
effective spectrum for thermodynamics. It differs 
from the spectrum of section 3.l.e. only in allowing the 
value of e(po) .:l to float, its exact value being chosen 
by comparison of the calculated quantities with experi· 
ment. In the tables computed by Brooks [18], 
the procedure was to adjust t.l and thus the effective 
mass through eq (9), so that the calculated entropy 
agrees with the experimental entropy at all temperatures 
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and pressures at which the roton part of the spectrum 
contributes significantly. This method had the disadvan
tage that even with quite accurat~ values of 5, the expan
sion coefficient calculated from (a5/aPh could be 
quite poor. Dr. Jay Maynard of UCLA drew our attention 
to the fact that the normal fluid density (cf. section 4.4.b.) 
is weighted heavily toward higher momenta, and hence 
is also a useful measure of the effective roton gap. We 
decided, therefore, that for the generation of the effec
tive spectrum for this work, we would endeavor to employ 
a method which would incorporate all available thermo
dynamic evidence: from entropy, expansion coefficient, 
and normal fluid density. 

J ames Gibbons undertook the job of computing the 
effective spectrum. This proved to be an arduous task 
because of the great sensitivity of the thermodynamics 
to minor changes of the spectrum in the vicinity of the 
roton minimum. The first step was a weighted fit to 
experimental values of 5 and a, making use of the 
Maxwell relations (av/iJT)p= (as/ap}r. This produced 
a set of polynomials in the pressure at 0.1 K tempera· 
ture intervals. Since the tables are tabulated in 0.05 K 
intervals, this data was interpolated by u second degree 

polynomial in temperature fitted to three local points to 
find the best fit to data at 0.05 K intervals. A new set of 
polynomials in pressure were then generated from T= 
1 K to T= 2.2 K in 0.05 K intervals. Special care had to 
be taken near the lambda line because of the existence 
of large high-order derivatives. An iterative root-search
ing method was then used to find what one could call 
.:l(S, a) from eq (2), in all cases calculating J-t from eq (9). 

The second step was to interpolate the experimental 
data on Pnlp, which also exists chiefly on 0.1 K incre
ments, by a procedure analogous to that used for 5 
and a. The end result of a similar root search was a set 
of values named 6. (Pnl p) , at 0.05 K intervals. 

The third step was to adjust the values of 6. at zero 
pressure to the compromise [6. (Pn/P) +6.(5, a)]/2, 
retaining the curvature of the polynomials determined 
in the first step at hight:l }Jlt:81:.wres. The result of this 
step might be called 6. (5, a, Pnl p). 

The fourth and final step was a smoothing operation 
on the energy data of st~p thrpp hy mPRns of a power 

series in Nn the roton number This step was 
essential to encourage the monotonic behavior of the 
values of A as T is reduced below I K. Once the smoothed 
table of il was available, f.L was calculated by eq (9). 
We have named these final values of Ll the "thermal" 
roton gap At, and the corresponding thermal effective 
masses f.Lt. They are listed in tables 22 and 23. Having 
obtained At and J.Lt, the effective spectrum (20) is com
puted by the methods described in section 3.l.e. In eqs 
(16) and (19), the isothermal velocity of sound was used, 
eq below. The errors resulting from this approxima
tion are negligibie. Attempts to use eq for u! led to 
severe problems in numerical instability. 

It is interesting to note that the differences between 
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t he neutron roton energy gap and the thermal roton gap 
6. t are not random but systematic. We find that, in gen
eral, 6. t lies above 6. at higher temperatures and pres
sures. The two agree within experimental uncertainties 
at low temperatures. The differences (6. t - b.) ~ r 
except at temperatures near the lambda line. r may be 
calculated from the expression of Roberts and Donnelly 
[37]: 

At the vapor pressure, the neutron determinations of 
Yarnell et al. [9] give 6./k=8.65±O.04 Kat 1.1 K, while 
Cowley and Woods [2] obtained 6./k=8.67±O.04 K at 
the same temperature, and Dietrich et aL [3] find 

6./k= 8.54 Kat T= 1.26 K,P= 1 atm, which extrapolated 
to zero pressure gives D./ k= 8.64 K. There is a com
pletely independent way of finding b.. It is known that 
Raman scattering from liquid helium at low tempera
tures gives a peak at 16.97 ± 0.03 K. This peak has been 
identified by Greytak and his collaborators as a loosely 
bound ~tatt of two roton~ [30]. An exact quantum 

mechanical solution to one model for this state by 
Roberts and Pardee [39] gives the binding energy 
of the rotons as 0.290 K. Thus the roton energy should 
be (16.97 + 0.290)/2= 8.63 ± 0.015 K, in good agreement 
with the neutron measurements. We find D. t = 8.622 Kat 
1.1 K, P= 0, in satisfactory agreement with all methods. 

4.2. The Equation of State 

The integral expression for V in table I is, in contrast 
to our earlier empirical equation of state [18, 19], com
pletely consistent with the expressions for ap and KT. 

By making use of the empirical equation of state [19], 
the equation of state for our tables I and 2 was obtained 
in a single iteration. One can also start from absolute 
zero data for V and KT and iterate to find substantially 
the same results. As we mentioned in section 3.2.a 
above, Vo (P) comes from eq (21). 

The low temperature behavior of the molar volume 
is shown in figure 8, plotted in the forrn V E (T, P) = VeT, 
P) - V(O, P) vs. temperature for 2.5 atmosphere incre
ments in pressure. A nonlinear scale has been deliber
atply chospn to pmphasizp thp charaetpristic maximum 
in the molar volume near 1 K. We show in figure 9 the 
entire temperature and pressure range of V, plotted with 
the data of Boghosian and Meyer [32], and Elwell and 
Meyer [33]. The deviations of our equation of state from 
t he experimental data used in our analysis varies across 
the P-T plane. If we define a fractional deviation for the 

molar volume 6.V= (Vcalculated - V measured)/V measured, we 
('an get a rough idea of the variations by averaging D.V 
over temperature at each pressure and denoting the 

result by 6.V expressed in percent. The results are given 
in tabular form below, separated to display positive and 
negative deviations at six pressures, and we see that the 
temperature-averaged deviations are at most + 0.42%-
0% from the data. 

P(atm) 0 5 10 15 20 25 

± (6.V)% 0.01 0.17 0.19 0.29 0.39 0.42 
- (6.V (% 0 0 0 0 0 0 

4.2.a. The Velocity of Sound 

There are several other quantities which may be 
calculated from the equation of state, such as the 

isothermal velocity of sound: 

(24) 

where KT is defined in (26) below. A first order correction 
for thermal expansion using computed values of 
'Y = C p /C v (discussed in section 4.3.e.) gives 

The actual expression used for the calculations 
reported here carries a higher order correction for 
thermal expansion [40,41] 

u2 = u2 +.Y=-l ur urI 
1 1 'Y ui - Uil ' 

(25) 

where Un is defined in section 4.4.c. below. The cor
rected velocily of firsL souml Ul is gi veu iu LalJle 3 and 
illustrated in figure 10. At T= 0 K, the deviations from 
the data of Abraham et al. [31] are less than 0.09%. 
At highpr tpmppratures. (> 1 K). the deviations 
.1Ul = (UI calc - Ul meas) / Ul meas from some preliminary 
data of Maynard and Rudnick [21] are as follows: 

P(atm) 0 5 ]0 15 20 25 

+ (6.ud% 0.8 0.3 0.5 0.8 1.0 0.5 
- (6. U I)% 0 0 0 0 0 1.2 

Below 1.6 K, the deviations are much less than 1%. 
Only the highest few temperatures depart significantly' 
from the data. 
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FIGURE 10. The velocity of first sound as a function of temperature 
for different pressures calculated from eq (25). Data 
points from Heiserman el a1. [21]. 

4.2.b. The Isothermal Compressibility 

The isothermal compressibility, which is defined as 

(26) 

is obtained by noting that V(T, P) = V(O, P) + oV(T, P) 
from table 1. The derivative (av/ap) i5 calculated 

separately for the two terms, resulting in more reliable 
results than differentiating the total molar volume 
directly. The results are in table 4. 

The first term Kr(O) can be compared directly with 
the data of table V of Boghosian and Meyer [32]. The 
deviations AK :2'. (Kcalc - Kmeas) I K meas range from + 4.1 % 
to - 5.0%. However, we believe that our data, derjved 
from the later measurements of Abraham et al. [31J, are 
considerably more reliable. Since the contribution from 
the temperature dependent part of V is so small, the 

the deviations quoted are the dominant ones at all 
temperatures up to 1.25 K, the highest reported by 
Boghosian and Meyer [32]. 

Elwell and Meyer [33] report measurements of KT 

in the range above 1.2 K. Comparing with their tables 
IV and V, we find the pressure averaged deviations 
.6." to Le + 0, - 2.4% aL 1.3 K; aml + 0, - 2.0% al 1.8 K. 

Our computed values of the compressibility are not 
sufficiently accurate near the lambda line to exhibit 
the peak structure observed by Crilly [42]. 
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4.2.c. The Gruneisen Constant 

Another quantity whieh appears in expressions for 
the ultrasonic attenuation and dispersion in helium II 
is the Gruneisen constant, defined as 

U c == (~) (aUl) . 
, UJ \ ap T 

(27) 

It is listed in table In below; the values at T= 0 K are 
in agreement with the T= 0.1 K data of Abraham et a1. 
[31.] at all pressures, to within ± 0.25%. 

TABLE III. The Griineisen constant V(; 

P(a!m) 

T(K) 1 
0 5 10 15 20 ; 25 

i 
0.0 2.843 2.608 2.460 2.356 2.276 2.2]2 
0.5 2.842 2.608 2.460 2.356 2.275 2.213 

1.0 2.842 2.624 I 2.466 2.339 2.270 2.]94 

4.2.d. The Coefficient of Thermal Expansion 

The thermal expansion coefficient is a temperature 
derivative of the equation of state: 

(28) 

It is, however, directly calculated from the integral 
expression of Roberts and Donnelly given in table 1. 

We experienced great difficulty with ex. p because it is 
a very small quantity which passes through zero near 
I K. Our calculations, listed in table 5 and illustrated in 
figure II, are sufficiently accurate to give a good 
account of the locus of zero expansion indicated by the 
d~<;hed line in fi(,:l1re ~ We h~ve ~I<;o m::ln~ged to keep 

the deviations from growing rapidly above 1.6 K as they 
did in our earlier work [18, 19]. The temperature
averaged deviations 11 ex. p = (ex. Pcalculated - ex P measured)/ 

ex.Pmeasured follow: 

P(atm) () !; 1 1(: lS '1() ?S 

+ (b.ap)% 14 16 
I 

34- 0.8 1.1 1.6 
-(t.ap)% 16 3.2 

I 
8 9 10 11 

I 

Except for the vapor pressure, where the systematic 
work of Van Degrift exists, the experimentaj situation 
OIl up j~ qulle UH!:;ali!:;f<tl.:lOJ y aIlJ the J<tl<t o[leu 111 
mutual conflict. A systematic study over the entire T-P 
plane would be of great henefit in reducing the deviations 
listed above. 
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We have used equation (34) to compute U2, with 
results given in table 19 and figu.re 17. The data shown 
in figure 17 is that of Heiserman et a1. [21]. Comparison 
If our results with the data of [211 is as follows: 

P(atm) 0 5 10 15 20 25 

+(AU2)% 0 0.5 0.1 0.6 0.9 0.8 
-(K/.l;) % 2.1 1.7 2.4 4.6 4.2 4.8 

Below 0.8 K, the calculated values show marked effects 
of phonon dispersion, as discussed by Brooks and 
Donnelly [30]. 
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The velocity of second sound as a function of tempera· 
ture. at different pressures. Solid lines eq (34); rlHtH 

points. from Heiserman et al. [21]. Some of the uneven· 
ness of the calculated curves may be the result of numer
ical problems; note how many derived quantities appear 
in PI} U~4). 

4.4.d. The Velocity of Fourth Sound 

The velocity of fourth sound is, to good approximation 
r 40, 41] 

u 2 = ~ u 2 + - u 2 1 - -- . ps Pn [ 2lXPUf] 
4 pIp 11 )IS (35) 

We have used equation (35) to compute U4. with results 
given in table 20 and figure 18. The deviations, compared 
with the data of Heiserman et a1. [21] are: 

i 

I I 
P(atm) 0 5 10 ]5 20 25 

+ (AU 4)% 0.3 0.5 I 0.9 6.4 1.5 1.4 
-(AU4)% 0.4 5.3 

I 
6.4 0.2 0.5 2.4 

5. Conclusions 

We have provided tables of the thermodynamic and 
superftuid properties of helium II computed, when 
possible, by theoretical methods. Due to inadequacies 
in the present theory, we were not ab]e to achieve 
absolute agreement with the experimental data in all 
cases. The accuracy of our computed values is, however, 
generally very good, and we hope that the tables will 
provide a ready reference for theoretical and experi· 
mental research in helium II. 

Perhaps the most interesting outcome of this research, 
other than the tables, is the result that there appears 
to be no theory at present which can accurately relate 
the energy and momentum of the elementary excitations 
of helium II, as measured by inelastic neutron scatter· 
ing, to the thermodynamic properties. The problem 
may be in }Jan LlIe Cll:5l:5UmpLiolJ of L.t::JO line width for the 

spectrum, but other considerations such as the time 
scale of the neutron probe. and the re-establishment of 
equiJibrium after an excitation is created, may prove 
important factors. These tables provide a unique oppor· 
tunity for comparison of the spectrum measured by 
neutron scattering, and the spectrum which yields the 
correct thermodynamic properties via the Landau 
theory, and it is hoped that our analysis wi]] stimulate 
theoretical interest in this problem. 

On the experimental side, we see that there are seri
ous gaps and discrepancies in some of the data which 
have been considered established for many years. Even 
the equation of state would benefit from a systematic 
study over the entire (T, P) plane. An ideal experiment 
would simultaneously measure the velocities of first, 
second, and fourth sounds, and the expansion coeffi
cient in one cryostat over all pressures and all temper
atures from 0.3 K upward. When such data are available, 
the present study could be repeated with considerable 
profit. 
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