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ABSTRACT

New equations of state for the binary mixtures H2 + CH4, H2 +N2, H2 + CO2, andH2 + CO are presented. The results are part of an ongoing
research project aiming at an improvement of the GERG-2008 model for the description of hydrogen-rich multicomponent mixtures. The
equations are formulated in terms of the reduced Helmholtz energy and allow for the calculation of all thermodynamic properties over the
entire fluid surface including the gas phase, liquid phase, supercritical region, and equilibrium states. The mathematical structure of the
new mixture models corresponds to the form chosen for the reference model GERG-2008 of Kunz and Wagner [J. Chem. Eng. Data 57,
3032 (2012)]. In this way, the equations can be implemented into the existing framework of the GERG-2008 model. The ranges of validity
of the new equations correspond to the normal and extended ranges of validity of the GERG-2008 model.
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1. Introduction

Hydrogen is considered one of the most important energy carriers
of the future.1,2 It allows for pollutant-free power generation and reduces
the world’s dependence on fossil fuels. Hydrogen is considered partic-
ularly important in the transport and power supply sector, which are
heavily dependent on oil and other carbonaceous energy carriers such as
natural gas. The injection of hydrogen into the natural-gas grid is an
extensively discussed technology for a step-by-step decarbonization of heat
and power supply. The electrolytic production of hydrogen using excess
electricity from renewable energy sources (“power-to-gas”) can contribute
to a more flexible energy supply and a reduction of the demand of car-
bonaceous primary energy.

With increasing hydrogen content in the natural gas grid, the
thermodynamic properties of the hydrogen-containing mixtures will
change significantly. Recent investigations by Richter et al.3 have
shown that the referencemodel GERG-20084 provides reliable results
for hydrogen concentrations of up to 30 mol% at typical pipeline

conditions. However, accurate knowledge of these properties at higher
hydrogen contents is crucial not only for simulation and operation of the
natural-gas grid but also in amultitude of technical processes with a wider
temperature, pressure, and composition range. To provide the thermo-
dynamic properties of hydrogen-richmixtures with the required accuracy,
new equations of state for the binary mixtures H2 + CH4, H2 + N2, H2 +
CO2, and H2 + CO are presented in this work.

2. Fundamental Equations of State for Mixtures

2.1. Mathematical approach

The mixture models presented in this work are explicit in the
Helmholtz energy a with the independent variables temperature T,
density ρ, and molar composition �x . The models enable an accurate
calculation of all thermodynamic properties by combining derivatives
of Helmholtz energy with respect to the natural variables. A detailed
summary of mathematical correlations for different thermodynamic
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properties is given, e.g., in the GERG-2004 monograph.5 Commonly,
Helmholtz equations are formulated in a dimensionless form,

a(T, ρ, �x )
RT

� α(τ, δ, �x ), (1)

whereα is the reducedHelmholtz energy,R is themolar gas constant, τ is
the reciprocal reduced temperature, and δ is the reduced density.
Furthermore, the Helmholtz energy is separated into an ideal part αo,
which describes the behavior of the hypothetical ideal gas, and a residual
part αr, which considers the molecular interactions of the real fluid,

α(τ, δ, �x ) � αo(T, ρ, �x ) + αr(τ, δ, �x ). (2)

The dimensionless ideal part of the Helmholtz energy is given by

αo(T, ρ, �x ) ��
N

i�1
xi[αoo,i(τo,i, δo,i) + lnxi] (3)

and considers the contribution of the ideal Helmholtz energy αoo,i of
the pure components N according to their mole fractions xi in the
mixture. Additionally, the entropy of mixing is taken into account by
xi ln xi. The independent variables of the Helmholtz energy αoo,i are
reduced by the respective critical properties of the pure fluids.

The residual part of the Helmholtz energy used in this work was
independently developed by Lemmon, Jacobsen, and Tillner-Roth6–8

and is defined as

αr(τ, δ, �x ) ��
N

i�1
xiα

r
o,i(τ, δ) + Δαr(τ, δ, �x ), (4)

where the first part is a linear combination of the reduced pure-fluid
Helmholtz energies of all components at the corresponding state. In
contrast to the ideal part, the residual part of the Helmholtz energy is
reduced by common reducing properties of the resultingmixture. The
reciprocal reduced temperature τ and the reduced density δ are
calculated with composition-dependent reducing functions in the
form proposed by Klimeck,9

τ � Tr(�x )/T and δ � ρ/ρr(�x ) (5)

with

Tr(�x ) � �
N

i�1
x2
i Tc,i +�

N−1

i�1
�
N

j�i+1
2xixjβT,ijγT,ij

3
xi + xj

β2T,ijxi + xj

������
Tc,iTc,j

√ (6)

and

1

ρr(�x )
� �

N

i�1
x2
i

1
ρc,i

+�
N−1

i�1
�
N

j�i+1
2xixjβv,ijγv,ij

3
xi + xj

β2v,ijxi + xj

1
8

1

ρ1/3c,i

+ 1

ρ1/3c,j

⎛⎝ ⎞⎠3

. (7)

The adjustable binary-specific parameters β and γ allow for both
symmetric and asymmetric shapes of the reducing functions. For an
arbitrary order of the involved components, the following relations
have to be considered:

βT,ij �
1

βT,ji
, βv,ij �

1
βv,ji

, γT,ij � γT,ji, and γv,ij � γv,ji. (8)

The second part of the residual Helmholtz energy is the de-
parture term Δαr. The formulation used in this work was introduced
by Klimeck9 and further developed by Kunz et al.5 and enables an
improved modeling of the non-ideal mixture behavior if an accurate
database is not sufficiently described by adjusting the binary-specific
interaction parameters. The departure term is given by

Δαr(τ, δ, �x ) ��
N−1

i�1
�
N

j�i+1
xixjFijα

r
ij(τ, δ). (9)

Fij is a scaling factor, which is adjusted when applying a
generalized departure function or set to unity for a binary-specific de-
parture function. For a binary system forwhich nodeparture functionαrij
is available, Fij is equal to zero. The functional form of the departure
term αrij(τ, δ) consists of polynomial, exponential, and modified
Gaussian bell-shaped terms, which were recently introduced by
Bell et al.,10

αrij τ, δ( ) � �
Kpol,ij

k�1
nij,kδ

dij,kτtij,k

+ �
Kpol,ij+Kexp,ij

k�Kpol,ij+1
nij,kδ

dij,kτtij,k exp −δlij,k( )
+ �

Kpol,ij+Kexp,ij+KGBS,ij

k�Kpol,ij+Kexp,ij+1
nij,kδ

dij,kτtij,k

3 exp −ηij,k δ − εij,k( )2 − βij,k τ − γij,k( )2[ ]. (10)

Depending on the desired accuracy and the quantity of the
available experimental data, the number of terms used in this work
varies between 4 and 8 for the investigated mixtures. The detailed
mathematical structure of the departure function for each binary
mixture including all parameters is given in Sec. 3.

2.2. Optimization algorithm

For the optimization of nij,k, dij,k, tij,k, lij,k, ηij,k, εij,k, βij,k, and γij,k
fromEq. (10) and of the reducing parameters βT,ij, βv,ij, γT,ij, and γv,ij in
Eqs. (6) and (7), a non-linear fitting algorithm developed by Lemmon
and Jacobsen11 was used. It iteratively adjusts all parameters tominimize
thedeviationbetween the equationof state and selected experimental data
points or defined constraints. Depending on the experimental uncer-
tainty, selected data are individually weighted and thus considered dif-
ferently by the algorithm. The relative deviation Fx between an
experimental data point and the value calculated from the equation is
defined as
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Fx � ΔX
X

� xDATA − xEOS

xDATA
. (11)

In addition to the adjustment to experimental data, the fitting
algorithm allows for the application of constraints. Constraints were
used to define limiting values for parameters and to control the
physical behavior of thermodynamic properties in regions that are not
covered by experimental data. For the visual evaluation of different
properties and derivatives over a wide temperature, pressure, and
composition range, thermodynamic software tools, such as
REFPROP,12 TREND,13 or CoolProp,14 can be used. Based on the
weighted data points and defined constraints, the fitting algorithm
optimizes the equation parameters simultaneously.

For the statistical analyses of the database, the relative devi-
ation of each data point was evaluated according to Eq. (11). The
average absolute relative deviation (AARD) of each dataset is
described by

AARD � 100
N
�
N

i�1
|Fx,i|. (12)

Since the AARD is not meaningful in certain cases or gives
misleading indications, the evaluation of some properties, e.g., the virial
coefficients, is carried out in terms of the average absolute deviation,

AAD � 1
N
�
N

i�1
|ΔXi|. (13)

The AAD of vapor–liquid equilibrium (VLE) datasets is sub-
divided into bubble- and dew-point data. As exemplified in Fig. 1, two
different solutions (pvap,1 and pvap,2) exist for the calculation of a
pressure deviation between the model and dew-point data with a
higher composition of hydrogen than the composition at the critical
point. Furthermore, deviations in terms of the saturated pressure
become very high for steep phase boundaries, even though the data
points are located near the saturation line. Therefore, deviations
between values calculated with the model and VLE data points are
calculated with respect to their mole fractions. Consequently,
the deviation cannot be calculated for data points at pressures above
the critical pressure according to the model. Those data points
were not considered in the calculation of the AAD. The number of
calculated data points is given for each dataset in Tables 4–11 in Secs.
3.1–3.4.

3. Results for Binary Mixtures

Asexplained inSec. 2,Helmholtz energymixturemodelsdependon
the pure-fluid equations of the components. Accordingly, the binary-
specific mixture models presented in this work were adjusted with a
specific set of pure-fluid equations. Since the developed equations are
intended to improve the description of hydrogen-rich multicomponent
mixtures in combination with the GERG-2008 model,4 the pure-fluid
equations of GERG-20084 were used for methane, nitrogen, carbon
monoxide, and carbon dioxide. The pure-fluid equation for hydrogen
was replaced by the current reference equation by Leachman et al.15 for
the best possible description of hydrogen. The critical properties and
molar masses are listed in Table 1.

FIG. 1. p, x-diagram showing the phase boundary of the binary system CH4 + H2 at
153 K.

TABLE 1. Molar mass and critical parameters of the pure-fluid equations

Reference M (g mol−1) Tc (K) pc (MPa) ρc (mol dm−3)

CH4 5 16.042 46 190.564 4.5992 10.139 342 719a

N2 5 28.013 4 126.192 3.3958 11.183 9
CO 16 28.010 1 132.86 3.4982 10.85
CO2 5 44.009 5 304.1282 7.3773 10.624 978 698a

H2 15 2.015 88 33.145 1.2965 15.508

aThe number of digits is not related to the accuracy of the property. The publication provides specific values, which are converted
to molar values for consistency purposes. For the correct reproduction of the datasets, fewer digits are sufficient. To reproduce the
test values from Table 12, all digits have to be used.

TABLE 2. Binary-specific reducing parameters; cf. Eqs. (6) and (7). Fij � 1 for all
binary mixtures

i + j βT,ij γT,ij βv,ij γv,ij

CH4 + H2 1.033 1.335 1.001 1.075
N2 + H2 1.022 1.250 0.986 0.783
CO + H2 1.078 1.105 1.037 1.040
CO2 + H2 0.964 2.014 1.200 0.825

J. Phys. Chem. Ref. Data 50, 013102 (2021); doi: 10.1063/5.0040533 50, 013102-4

Published by AIP Publishing on behalf of the National Institute of Standards and Technology

Journal of Physical and
Chemical Reference Data ARTICLE scitation.org/journal/jpr

https://doi.org/10.1063/5.0040533
https://scitation.org/journal/


The parameters of the reducing functions according to Eqs. (6)
and (7) are given in Table 2 for each binary subsystem. The pa-
rameters of the departure functions are summarized in Table 3.

Applyingotherpure-fluidequations leads to slightlydifferentmixture
parameters. Since the pure-fluid equations of the GERG-20084 model are
not the most accurate ones, mixture models were also developed for the
current reference equations. The mathematical structure is identical to the
models for thepure-fluid equations fromGERG-2008,4 but theparameters
are slightly different. The results of this adjustment including all param-
eters, information on the pure fluids, and statistical analysis of the database
are given in the supplementary material.

3.1. Methane + hydrogen (CH4 + H2)

In the following, the reproduction of available data for the
methane-hydrogen system will be discussed. This system is the only
binary hydrogenmixture already described with a departure function
in the GERG-2008 model.4 The departure function presented in this
work is mainly based on VLE and density data (see Tables 4 and 5).
Themost comprehensive VLE dataset for the investigated systemwas
published by Tsang et al.17 The authors measured ten different

isotherms between 92 K and 180 K with pressures up to 138MPa in a
vapor-recirculating equilibrium apparatus, which is described in
more detail in Ref. 18. The error in temperature measurement in the
liquid-nitrogen-cooled cryostat is specified as 0.02 K, while the
pressure uncertainty is 0.5% of the measured values. The combined
uncertainty in composition is given as 0.5 mol% and 2 mol% in the
critical region due to errors in sampling. Selected isotherms of the
dataset are shown in a p, x-diagram in Fig. 2 together with the phase
boundaries calculated with the new model and with GERG-2008.

Thenewmodel reproduces the saturated liquiddatawith anAADx

of 0.97 mol %, whereas the saturated vapor data are reproduced with
anAADy of 1.7 mol%. The higher AAD of the saturated vapor data is
caused by the data at higher equilibrium temperatures. As illustrated
in Fig. 2, the deviation in terms of composition of the saturated vapor
points between the maximum hydrogen composition and the critical
point is greater for higher temperatures than for lower temperatures.
However, compared to the GERG-20084 model (AADx � 6.7 mol%,
AADy � 8.2 mol%), the data reproduction is significantly improved
over the entire phase-equilibrium region. The most significant im-
provements were achieved for temperatures below 120 K. While the
GERG-20084 model predicts an open phase boundary for this region,
the new model shows good agreement with the experimentally de-
termined closed phase envelopes.

Another comprehensive dataset was provided by Hong and
Kobayashi.24 None of the 145 data points were used for fitting, but they
confirm the results of Tsang et al.17 Similar to the apparatus of Tsang
et al.,17 the authors used a liquid-nitrogen-cooled VLE cryostat. The
uncertainty in temperature and pressure is reported to be 0.01 K and
0.1%, respectively. The apparatus was limited to pressures of 28.5MPa,
so they were unable to measure the full phase boundary at lower
temperatures. For mixture preparation, they used hydrogen with a
purity of 99.995% and methane with a purity of 99.999%. The max-
imum analytical error of the chromatographically measured equilib-
rium composition is given by the authors as 8.3% of the amount of
hydrogen at the lowest hydrogen concentration, which corresponds to
0.05 mol% for the liquid phase and 0.28 mol% for the vapor phase.
However, neither the GERG-2008 model4 nor the new EOS can re-
produce the datawithin the specifieduncertainty even though theAAD
is reduced from 2.5 mol% to 1.2 mol% for the saturated liquid phase
and from 4.0mol% to 2.1 mol% for the saturated vapor phase with the
new EOS in comparison to GERG-2008. Deviations in terms of per-
centage mole fraction of all available VLE datasets, subdivided into
bubble- anddew-point data, are shown inFig. 3.Datapoints outside the
visible range are displayed at the upper or lower limit of the diagram.
This holds for all deviation plots in this article.

Since all properties of a Helmholtz energymodel are calculated by
combining different derivatives of a single mathematical function,4,54

the adjustment of a single property and the associated change in de-
rivatives also shifts the description of other properties. Figure 4 shows
the shifted phase boundary of the binary system CH4 + H2, which
resulted from fitting VLE data, in pressure-temperature diagrams for
three different hydrogen compositions. Near the two-phase region,
whichwas calculatedwith the newEOS, the shift of the phase boundary
also affects, e.g., the homogeneous density. Significant density devia-
tions between data calculated from GERG-20084 and from the new
model are visible at temperatures below 200 K. The deviations increase
with increasing pressure.

TABLE 3. Binary-specific parameters of the departure functions; cf. Eq. (10)

k nij,k tij,k dij,k lij,k ηij,k βij,k γij,k εij,k

CH4 + H2

1 1.690 0.269 1
2 −1.240 0.410 2
3 4.630 1.550 1 1
4 2.900 2.120 2 1
5 −3.620 0.039 1 0.2080 0.640 1.224 1.59
6 5.613 0.320 2 0.0327 0.369 1.603 0.13
7 −1.040 0.414 3 0.0770 0.359 1.655 1.70
8 −8.670 0.774 1 0.1540 0.374 2.270 0.08

N2 + H2

1 −1.812 0.924 1 1
2 −0.612 0.411 2 1
3 −0.485 2.846 1 2
4 0.157 3.565 2 2
5 2.762 3.186 1 1.83 1.08 1.37 2.50
6 5.195 0.748 1 0.07 0.31 0.89 1.45
7 −3.751 2.532 1 1.82 1.14 1.55 2.50
8 −5.506 1.114 1 0.17 0.21 0.21 1.55

CO + H2

1 −0.521 2.250 1
2 −0.387 0.473 2
3 −2.590 0.585 1 0.647 0.751 1.86 1.380
4 4.350 0.091 2 0.344 0.660 2.23 0.773

CO2 + H2

1 3.56 1.40 1
2 −0.97 1.12 2
3 −4.56 1.87 1 0.575 0.510 0.22 0.52
4 12.12 0.25 2 0.210 0.826 2.12 0.15
5 −2.43 1.53 3 0.295 0.410 1.44 0.23
6 −3.17 2.28 1 0.135 1 1.70 0.14
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TABLE 4. AADs (in mol %) of VLE data calculated with the newmodel and with GERG-20084 for the binary systemCH4 + H2.N indicates the number of available state points of each
publication including pure-fluid data. Both AADs and number of data points are listed for bubble-point data (subscript “x”) and dew-point data (subscript “y”). The number of calculated
points refers to the new EOS. Pure-fluid data as well as data where deviations in terms of mole fraction could not be calculated were not considered for the AADs

Author

Available data Calculated This work GERG-2008

N Nx Ny Nx,calc Ny,calc Tmin–Tmax (K) pmin–pmax (MPa) AADx AADy AADx AADy

Augood (1957)19 3 3 2 3 2 111.71 2.3–18.1 0.99 0.86 0.56 1.3
Benham and Katz (1957)20 13 13 13 13 13 116–173 3.3–27.6 1.5 1.9 2.1 3.2
Cosway and Katz (1959)21 3 3 3 2 2 144–200 3.4–6.9 0.39 3.8 0.20 4.6
Fastovskii and Gonikberg (1940)22 35 34 32 34 32 90–127 3.1–23.0 1.0 2.3 0.81 2.6
Freeth and Verschoyle (1931)23 21 15 20 15 20 90–91 1.7–20.9 1.0 0.48 1.2 0.56
Hong and Kobayashi (1981)24 145 130 135 130 135 108–184 <0.1–28.5 1.2 2.1 2.5 4.0
Hong and Kobayashi (1981)25 28 28 28 28 28 108–174 2.7–10.4 0.48 0.66 0.45 1.5
Hu et al. (2014)26 23 23 23 23 23 100–121 0.2–2.3 0.15 5.2 0.042 5.1
Kirk and Ziegler (1965)27 38 0 38 0 38 89–117 1.0–12.7 . . . 0.076 . . . 0.062
Kremer and Knapp (1983)28 3 3 3 3 3 140–145 2.8–5.0 0.48 0.65 0.17 1.3
Levitskaya (1941)29 9 9 9 8 8 158–189 3.0–8.2 0.73 2.5 0.74 1.8
Likhter and Tikhonovich (1940)30 53 24 25 23 24 158–189 1.5–8.4 0.89 3.5 1.0 3.6
Sagara et al. (1972)31 28 28 28 28 28 103–174 1.0–10.9 0.81 2.2 1.0 3.7
Tsang et al. (1980)17 196 190 190 188 188 92–181 0.2–138.0 0.97 1.7 6.7 8.2
Yorizane et al. (1980)32 3 3 3 3 3 93.61 10.1–15.2 1.3 0.29 1.2 0.43
Yorizane et al. (1968)33 25 23 25 23 25 103–164 1.0–15.2 1.2 2.8 1.3 3.4

TABLE 5. AARDs and AADs of homogeneous data calculated with the new model and with GERG-20084 for the binary system CH4 + H2. The corresponding unit of each AAD
is given after the respective property. N indicates the number of available state points of each publication including pure-fluid data. Pure-fluid data are not considered in the
calculation of the overall AARD/AAD

Author N Tmin–Tmax (K) pmin–pmax (MPa) xCH4 ,min−xCH4 ,max AARDThis work AARDGERG-2008

Density pρT�x
Chuang et al. (1976)34 146 173–274 0.4–50.6 0.21–0.81 1.0 0.9
Hernández-Gómez et al. (2018)35 391 240–350 1.0–19.9 0.50–0.95 0.048 0.052
Iwasaki and Takahashi (1961)36 63 298–349 0.1–31.2 0.36–0.81 0.99 0.98
Jaeschke and Humphreys (1990)37 899 270–354 0.2–30.5 0.25–0.85 0.019 0.018
Jett (1990)38 276 135–274 <0.1–69.9 0.9535 0.60 0.58
Jett et al. (1994)39 9 142–189 2.2–5.5 0.9535 1.2 1.4
Kritschewsky and Levchenko (1941)40 70 273–474 10.1–70.9 0.33–0.86 0.45 0.46
Machado et al. (1988)41 296 130–160 1.7–107 0.09–0.92 1.0 0.95
Magee et al. (1985)42 160 273–601 0.3–71.5 0.7995 0.27 0.26
Magee and Kobayashi (1986)43 165 160–274 1.8–69.7 0.7995 0.96 1.0
Mihara et al. (1977)44 153 298–349 0.3–9.2 0.32–0.78 0.14 0.15
Solbrig and Ellington (1963)45 98 138–423 1.2–22.8 0.0903 0.18 0.19
Vilcu et al. (1977)46 6 298.15 1.0–6.1 0.52–0.63 2.6 2.6

Speed of sound w
Lozano-Martin et al. (2020)47 232 273–375 0.4–20.2 0.50–0.95 0.030 0.036
Maurer (2021)48 135 249–350 0.5–10.1 0.9537 0.028 0.033

Author N Tmin–Tmax (K) xCH4 ,min−xCH4 ,max AADThis work AADGERG-2008

Second virial coefficient Ba (cm3 mol−1)
Brewer (1967)49 1 273.15 . . . 0.61 0.016
Brewer (1967)49 1 273.15 . . . 0.69b 0.068b

Magee (1983)52 49 190–500 0.7995 0.74c 0.87c

Mason and Eakin (1961)53 2 288.7 0.49–0.51 4.5 4.9
Mihara et al. (1977)44 20 298–349 0.32–0.78 1.7c 2.1c

Solbrig and Ellington (1963)45 12 138–423 0.0903 2.0 1.8

aIf no composition range is given, the dataset contains only the composition-independent B12 and no composition-dependent B.
bThe composition-independent B12 was corrected according to the method given by Garberoglio et al.50 and the current reference pure-fluid equations.15,51
cDataset also contains the composition-independent B12.
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In addition to the adjusted phase boundary, the homogeneous
region is also influenced by simultaneously fitted density data.
Overall, 13 different datasets for the homogeneous density are
available in the literature. Deviations are summarized in Table 5. The
main dataset considered in the fitting process was measured by
Jaeschke and Humphreys.37 It was part of a comprehensive research
program to determine natural-gas properties and, therefore, also
an important dataset for the development of the GERG-2008.4

For determining the homogeneous density in a temperature range
between 270 K and 354 K with pressures up to 30.5 MPa and a
composition range from 15 mol% to 75 mol% hydrogen, the authors
measured the compressibility factor with a Burnett apparatus and the
refractive index with an optical interferometry apparatus. The ex-
panded uncertainty (k � 2) is estimated to be 0.07%–0.08% in density.
Both models reproduce the 899 data points with an AARD of 0.019%
and, thus, well within their experimental uncertainty. For tempera-
tures below 270K, a fewdata points ofHernández-Gómez et al.35were
used in the fitting process. The recently published dataweremeasured
with a single-sinker densimeter with a magnetic suspension coupling

FIG. 2. p, x-diagram showing VLE data at 110 K, 140 K, and 170 K for the binary
system CH4 + H2.

FIG. 3. Deviation of bubble-point data (top) and dew-point data (bottom) from values calculated with the new EOS (left) and GERG-20084 (right) for the binary system CH4 + H2.
The ordinate is linearly scaled between the dashed lines and logarithmically scaled in the gray filled regions.
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and show very good agreement with the data of Jaeschke and
Humphreys37 in their common temperature, pressure, and compo-
sition range. Consequently, they extend the range of reliable data to

lower temperatures (240 K) and lower hydrogen fractions (5 mol%).
Again, the new EOS and the GERG-2008 model show similar per-
formance and reproduce the 391 data points with anAARDof 0.048%

FIG. 4. Percentage deviation in density in the homogeneous region between the new EOS and GERG-20084 for the binary system CH4 + H2. The white dashed lines represent the
normal range of validity of both models, and the black dashed lines mark the phase boundary calculated with GERG-2008. The upper temperature and pressure limits of both axes
are based on the extended range of validity for both models. The gray filled area is the two-phase region calculated with the new EOS.

FIG. 5. Percentage deviation of homogeneous density data from the new EOS (left) and GERG-20084 (right) for the binary system CH4 + H2. The ordinate is linearly scaled
between the dashed lines and logarithmically scaled in the gray filled regions.
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and 0.052%, respectively, which is within the specified experimental
expanded uncertainty (k � 2) of ∼0.09%.

For modeling the even lower temperature and higher pressure
region, some data points of Machado et al.41 were selected. However,
these points were only considered with low weights since higher
weights led to higher deviations of the datasets discussed before. The
reported overall experimental uncertainty of 0.2% stated by Machado
et al.41 cannotbe achievedby anyof themodels (AARDThis work� 1.0%and
AARDGERG-2008� 0.95%). However, since these data are the only available
data for pressures up to 107 MPa, they were still used for fitting the
equation.At temperatures higher than 354K, the newEOSwas adjusted to
data of Solbrig and Ellington,45 who measured compressibility factors of

hydrogen-rich (90 mol%) mixtures at temperatures up to 423 K. The
estimated overall experimental uncertainty of 0.1% cannot be reached by
eithermodel.However, due to the scattering of the data points, the claimed
uncertainty seems questionable. An overview of the performance of the
new model and GERG-20084 in reproducing all available density data is
given in Fig. 5.

In addition to the phase equilibrium and homogeneous density
data, two speed of sound andfive thermal virial coefficient datasets are
available; cf. Table 5. Although neither of the twomodels was fitted to
the data of Lazano-Martin et al.47 orMaurer,48 they reproduce all data
with almost identical deviations (see Fig. 6).

3.2. Nitrogen + hydrogen (N2 + H2)

The available database for the binary system nitrogen +
hydrogen consists mainly of VLE and density data and is, therefore,
comparable with the database formethane + hydrogen. Summaries of
the available data are given in Tables 6 and 7. TheGERG-20084model
describes the nitrogen + hydrogen system with adjusted reducing
parameters butwithout a departure function. The EOSpresented here
includes a departure function, throughwhich the phase boundary can
be described more accurately. For modeling the phase envelopes, the
dataset of Streett and Calado18 was used, which is comprised of seven
isotherms in a temperature range between 63 K and 110 K with
pressures up to 57.2MPa. Selected isotherms of the dataset are shown
in a p, x-diagram in Fig. 7 together with the phase boundaries cal-
culated with the presented model and GERG-2008.

The experimental setup is the same as that of Tsang et al.17 used
for their methane + hydrogen measurements, although the experi-
mental uncertainty is estimated to be lower. The stated measurement
uncertainties are 0.1 K in terms of temperature, 0.05 MPa in terms of
pressure, and 0.1 mol% or less in gas analysis. However, we conclude
that the uncertainties were estimated too optimistically; in particular,

TABLE 6. AADs (in mol %) of VLE data calculated with the new model and with GERG-20084 for the binary system N2 + H2. N indicates the number of available state points of each
publication including pure-fluid data. Both AADs and number of data points are listed for bubble-point data (subscript “x”) and dew-point data (subscript “y”). The number of calculated
points refers to the new EOS. Pure-fluid data as well as data where deviations in terms of mole fraction could not be calculated were not considered for the AADs

Author

Available data Calculated This work GERG-2008

N Nx Ny Nx,calc Ny,calc Tmin–Tmax (K) pmin–pmax (MPa) AADx AADy AADx AADy

Akers and Eubanks (1960)58 10 10 10 10 10 83–123 2.2–13.8 0.39 1.1 7.6 3.1
Augood (1957)19 10 10 7 10 7 67–78 2.7–17.9 6.7 4.1 19 2.2
Eubanks (1957)59 15 15 15 14 14 83–123 2.2–15.9 0.97 0.93 11 5.2
Gonikberg et al. (1939)55 40 38 35 34 31 78–110 0.1–17.8 2.1 3.1 15 8.2
Knapp et al. (1976)60 5 0 5 0 4 90–124 3.0 . . . 1.6 . . . 4.6
Kremer and Knapp (1983)28 3 3 3 3 3 80.01 5.0–10.0 0.24 0.55 9.7 1.7
Maimoni (1961)61 17 13 17 11 15 90–96 0.4–4.6 0.091 0.22 2.2 1.5
Omar and Dokoupil (1962)62 34 10 34 10 34 63–76 0.1–7.1 0.29 0.47 2.6 0.73
Steckel and Zinn (1939)63 14 14 14 11 11 107–114 2.5–9.2 1.2 1.8 8.4 11
Streett and Calado (1978)18 77 76 74 76 74 63–111 1.0–57.2 1.3 1.4 21 18
Verschoyle (1931)64 89 65 77 61 76 57–89 0.1–22.8 1.5 1.7 15 3.5
Xiao and Liu (1990)65 16 16 16 16 16 100 1.4–4.6 0.15 0.58 2.5 2.1
Yorizane (1971)56 17 17 17 17 17 77–89 1.7–19.0 2.3 1.6 18 5.3
Yorizane et al. (1968)33 12 11 12 11 12 77.36 0.5–15.2 1.9 1.1 13 3.3

FIG. 6. Percentage deviation of speed of sound data from the new EOS (top) and
GERG-20084 (bottom) for the binary system CH4 + H2.
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the saturated vapor data points at temperatures below 80 K show
slight inconsistencies (see data in Fig. 8 highlighted in red). While the
presented EOS shows good agreement with the experimentally de-
termined phase boundary over the entire temperature, pressure, and
composition range, the GERG-2008 model deviates systematically
with increasing pressure and decreasing temperature. The maximum
deviation occurs near the critical point. The critical pressure is
overestimated by GERG-2008 by at least a factor of 2. For temper-
atures below 100 K, the GERG-2008 model even predicts an open
phase boundary, which is contradictory to the experimental data.55,56

Consequently, the representation of all available VLE datasets is
improved with the new EOS. This is shown in Fig. 9 and Table 6.

As already mentioned in Sec. 3.1, the shifted phase boundary
has a significant impact on the homogeneous region. In Fig. 10,
percentage deviations between the new EOS and the GERG-2008
model4 in density in the homogeneous region are shown in p, T-
diagrams for three different hydrogen mole fractions. The highest
deviations occur where the slope and curvature of the phase boundary
has changed the most. This is particularly relevant as this region is
within the normal range of validity of both models. However, this
difference is caused by the shift of the phase boundary as no ho-
mogeneous data in the temperature region below 200 K were used for
developing the new EOS. Only Mastinu57 provided ten data points at

1.2 MPa with a low hydrogen concentration with a maximum of 2
mol% in the temperature range where the two-phase region is
present. Although none of these data points were used for adjusting
the new EOS, the AARD of the new model is lower (AARD � 0.41%)
than theAARDof the GERG-2008model (AARD� 2.5%). Even if the
dataset covers only a very small region, the lowerAARDand the better
reproduction of the phase-equilibrium data indicate that the region
near the phase boundary is more accurately described with the new
EOS. However, without additional accurate measurements, this ad-
vantage can hardly be quantified.

At temperatures from 270 K to 354 K, the new EOS is based on
the dataset of Jaeschke et al.69 Similar to their density measurements
for the methane-hydrogen system,37 the authors used a Burnett
apparatus and a grating interferometer to determine the compress-
ibility of four different nitrogen-hydrogen mixtures with a maximum
hydrogen composition of 75mol%.Due to the high consistency of the
1002 data points and the low reported overall experimental uncer-
tainty of 0.07% for pressures below 10MPa and 0.1% for pressures up
to 30.2 MPa, this dataset was favored. Furthermore, their results are
confirmed by the highly accurate data fromMichels andWassenaar.72

Since both datasets correspond very well in their common region and
Michels andWassenaar72 additionally measured higher–temperature
isotherms than Jaeschke et al.,69 the data of Michels andWassenaar72

TABLE 7. AARDs and AADs of homogeneous data calculated with the newmodel and with GERG-20084 for the binary system N2 + H2. The corresponding unit of each AAD is given
after the respective property. N indicates the number of available state points of each publication including pure-fluid data. Pure-fluid data are not considered in the calculation of the
overall AARD/AAD

Author N Tmin–Tmax (K) pmin–pmax (MPa) xN2 ,min−xN2 ,max AARDThis work AARDGERG-2008

Density pρT�x
Bartlett et al. (1928)66 47 273–573 5.1–102 0.25 0.19 0.21
Bennett and Dodge (1952)67 77 298–399 99.9–308 0.25–0.75 0.22 0.75
Deming and Shupe (1931)68 93 203–574 3.4–149 0.25 0.20 0.32
Jaeschke et al. (1991)69 1002 270–354 0.3–30.2 0.25–0.85 0.026 0.025
Kritschewsky and Markov (1940)70 30 273–474 5.1–50.7 0.93–0.94 1.5 1.5
Lialine et al. (1957)71 108 322–446 1.5–157 0.92–0.94 2.3 2.3
Mastinu (1967)57 10 77.41 1.2 0.98–0.99 0.41 2.5
Michels and Wassenaar (1949)72 119 273–424 1.9–33.8 0.248 0.026 0.014
Sage et al. (1948)73 90 277–511 0.1–104 0.24 0.11 0.14
Verschoyle (1926)74 63 273–294 3.7–20.8 0.25–0.75 0.077 0.095
Wiebe and Gaddy (1938)75 175 273–574 2.5–102 0.13–0.74 0.13 0.18
Zandbergen and Beenakker (1967)76 104 170–293 0.3–10.0 0.26–0.80 0.65 0.85

Speed of sound w
van Itterbeek and van Doninck (1944)77 29 90.22 <0.1 0.45–0.80 0.31 0.32
van Itterbeek and van Doninck (1949)78 27 75–91 <0.1 0.00–1.00 0.34 0.34

Author N Tmin–Tmax (K) xN2 ,min−xN2 ,max AADThis work AADGERG-2008

Second virial coefficient Ba (cm3 mol−1)
Brewer and Vaughn (1969)49 8 123–324 . . . 0.69 2.5
Brewer and Vaughn (1969)49 8 123–324 . . . 0.87b 2.1b

Edwards and Roseveare (1942)80 1 298.14 . . . 0.95 1.4
Jaeschke et al. (1991)69 27 270–354 0.25–0.85 0.33c 0.10c

Michels and Wassenaar (1949)72 7 273–424 . . . 3.9 4.3

aIf no composition range is given, the dataset contains only the composition-independent B12 and no composition-dependent B.
bThe composition-independent B12 was corrected according to the method given by Garberoglio et al.50 and the current reference pure-fluid equations.15,79
cDataset also contains the composition-independent B12.
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were used for fitting the homogeneous density at temperatures up to
424 K.

Both models perform almost identically in this region and re-
produce the two datasets with very low AARDs (see Table 7).

For the temperature region from424K to 511Kand pressures up
to 104 MPa, a few data points of Sage et al.73 were fitted with low
weights. Figure 11 shows that the deviations between this dataset and
the newmodel increase with increasing pressure, which is in line with
the experimental uncertainty of 0.2% for the low-pressure and 0.4%
for the high-pressure range. At pressures higher than 100 MPa, the
present EOS was fitted to the data of Bennett and Dodge.67 The
authors measured compressibility factors with the Burnett method
with an estimated uncertainty of 0.37%. This dataset includes two
outliers, which differ significantly from the other data points and
were, therefore, not included in the AARD. The new EOS reproduces
most of the data within the specified uncertainty with an overall
AARD of 0.22%, whereas the GERG-2008 model4 reproduces them
with an AARD of 0.75%. Furthermore, a distinct increase in deviation
is apparent in the high-pressure and low-temperature region for
GERG-2008.

Beside the VLE and density data, two speed of sound and five
virial coefficient datasets are available for the binary system nitrogen

+ hydrogen. Both speed of sound datasets were measured by van
Itterbeek and van Doninck.77,78 Since the authors do not provide a
detailed uncertainty analysis and the data are representedwell both by
GERG-2008 and the new model, they were used solely for validation.
The same applies to the representation of the virial coefficients since
most were determined from density data, which were directly used to
adjust the homogeneous density.

3.3. Carbon monoxide + hydrogen (CO + H2)

The available database for the system carbon monoxide
+ hydrogen is more restricted than for methane + hydrogen and
nitrogen + hydrogen. AlthoughVLE and density data are available for
this system, most publications are less comprehensive and the
number of data is more limited. An overview of the available data is
given in Tables 8 and 9. For the phase boundary, seven VLE datasets
are available. The most comprehensive one is provided by Tsang and
Streett81 and contains 134 data points in a temperature range from
70 K to 126 K with pressures up to 53 MPa. Like the dataset for
methane + hydrogen by Tsang et al.17 and the dataset for nitrogen +
hydrogen by Streett and Calado,18 these data were measured as part
of a research program to determine the phase behavior of binary
hydrogen mixtures in the 1980s. Consequently, the experimental
setup and method are identical to Streett and Calado.18 The tem-
perature is estimated to be accurate within 0.02 K and pressures to be
accurate within 0.5% of the measured value. The uncertainty in
composition is given as 0.5 mol% and 2 mol% in the critical region.
Selected isotherms of the dataset are shown in a p, x-diagram in Fig. 12
together with the phase boundaries calculated with the new model
and with GERG-2008.4 The present EOS matches the experimental
data very well over the entire temperature, pressure, and composition
range. It reproduces the bubble-point data with anAADof 0.89mol%
and the dew-point data with an AAD of 0.95 mol%. GERG-2008, on
the other hand, matches the data only at high temperatures and low
pressures. With decreasing temperature and increasing pressure, the
shift between the model and the experimental data becomes more
distinct. For temperatures below 80 K, the GERG-2008 model pre-
dicts an open phase envelope, which contradicts the experimental
data. A dataset that shows good agreement with the results of Tsang
and Streett81 is the dataset of Verschoyle.64 However, the author
measured fewer points in a more limited state region with a volu-
metric method. The uncertainty in temperature is given as 0.02 K and
the uncertainty in pressure is given as 0.005 MPa, which seems
optimistic even in comparison tomodernmeasuring instruments. For
the uncertainty in composition, different error sources are discussed
in the publication, but no overall uncertainty is specified. The other
available datasets contain significantly fewer data points and do not
extend the temperature and pressure range of Tsang and Streett.81

Deviations in terms of percentage mole fraction of all available VLE
datasets, subdivided into bubble- and dew-point data, are shown in
Fig. 13 and are listed in Table 8.

Similar to the binary systems methane + hydrogen and nitro-
gen + hydrogen, the changed phase boundary has a remarkable
impact on the homogeneous region (see Fig. 14). Since the curvature
and slope of the phase boundary were significantlymodified in certain
regions, the homogeneous region near the two-phase region is
strongly influenced. The highest deviation of up to 10% in terms of
density between values calculated from GERG-20084 and from the

FIG. 7. p, x-diagram showing VLE data at 70.4 K, 90.8 K, and 110.3 K for the binary
system N2 + H2.

FIG. 8. p, x-diagram showing VLE data at 77.6 K for the binary system N2 + H2.
Scattered data of the isotherm are highlighted in red.

J. Phys. Chem. Ref. Data 50, 013102 (2021); doi: 10.1063/5.0040533 50, 013102-11

Published by AIP Publishing on behalf of the National Institute of Standards and Technology

Journal of Physical and
Chemical Reference Data ARTICLE scitation.org/journal/jpr

https://doi.org/10.1063/5.0040533
https://scitation.org/journal/


new model within the normal range of validity is found at the
equimolar composition and temperatures below 200 K. At higher
pressures, deviations on the order of 10% are also observed for higher
temperatures. Both at higher and lower hydrogen concentrations, the
deviations decrease slightly.

For fitting the homogeneous region, only three different density
datasets are available in the literature for carbon monoxide +
hydrogen. The most recently published dataset by Cipollina et al.83

deviates more than 70% both from values calculated with the new EOS
and GERG-2008.4 We assumed that the high deviations are due to an

FIG. 9.Deviation of bubble-point data (top) and dew-point data (bottom) from values calculated with the new EOS (left) and with GERG-20084 (right) for the binary systemN2 + H2.
The ordinate is linearly scaled between the dashed lines and logarithmically scaled in the gray filled region.

FIG. 10. Percentage deviation in density in the homogeneous region between the new EOS and GERG-20084 for the binary system N2 + H2. The white dashed lines represent the
normal range of validity of both models, and the black dashed lines mark the phase boundary calculated with GERG-2008. The upper temperature and pressure limits of both axes
are based on the extended range of validity for both models. The gray filled area is the two-phase region calculated with the new EOS.

J. Phys. Chem. Ref. Data 50, 013102 (2021); doi: 10.1063/5.0040533 50, 013102-12

Published by AIP Publishing on behalf of the National Institute of Standards and Technology

Journal of Physical and
Chemical Reference Data ARTICLE scitation.org/journal/jpr

https://doi.org/10.1063/5.0040533
https://scitation.org/journal/


error in the publication since the publication also contains density data
for the binary system carbon dioxide + hydrogen that deviate with an
AARD of only 2.8% from GERG-2008.4 The datasets by Scott84 and
Townend and Bhatt85 were measured by a research group of the Im-
perial College of Science and Technology in London in the 1930s. The
authors do not provide a detailed uncertainty analysis, and we conclude
that the data do not fulfill the accuracy requirements for developing an
accurate EOS. The indicators for this assumption are, on the one hand,
the purity of pure substances used, which was 99.9% for hydrogen and
99.5% for carbonmonoxide and, on the other hand, the results obtained
during the development of the EOS. The relatively high amount of

unknown impurities can have a significant impact on the fluid behavior
and, therefore, could be a reason why the data do not fulfill the accuracy
requirements. Nevertheless, the dataset of Townend and Bhatt85 was
favored since the data cover a wider temperature and pressure range.
However, even with high weights, it was not possible to reproduce these
data with low and consistent deviations without a loss of accuracy in the
description of the phase boundary. Consequently, only a few data points
were fitted with low weights. The resulting deviations are illustrated in
Fig. 15 in comparison to deviations calculated with GERG-2008. Since
both datasets consist of only one or two isotherms, the deviations are not
shown over temperature.

FIG. 11.Percentage deviation of homogeneous density data from the new EOS (left) andGERG-20084 (right) for the binary systemN2 +H2. The ordinate is linearly scaled between
the dashed lines and logarithmically scaled in the gray filled regions.

TABLE 8. AADs (in mol %) of VLE data calculated with the new model and GERG-20084 for the binary system CO + H2. N indicates the number of data points of each publication.
Both AADs and number of data points are listed for bubble-point data (subscript “x”) and dew-point data (subscript “y”). The number of calculated points refers to the new EOS. Pure-
fluid data as well as data where deviations in terms of mole fraction could not be calculated were not considered for the AADs

Author

Available data Calculated This work GERG-2008

N Nx Ny Nx,calc Ny,calc Tmin–Tmax (K) pmin–pmax (MPa) AADx AADy AADx AADy

Akers and Eubanks (1960)58 11 11 11 11 11 83–123 2.2–13.8 0.28 0.91 6.6 4.2
Augood (1957)19 4 4 4 4 4 81.42 9.5–18.1 1.3 5.0 7.4 20
Eubanks (1957)59 21 21 21 21 21 83–123 2.2–24.1 1.7 1.8 6.6 4.2
Hong and Kobayashi (1981)24 11 11 11 11 11 108–124 2.8–6.9 0.36 0.78 4.6 1.2
Kremer and Knapp (1983)28 1 1 1 1 1 120.01 5.0 0.39 0.60 4.7 0.16
Tsang and Streett (1981)82 134 134 134 134 133 70–126 0.5–52.9 0.89 0.95 8.7 4.4
Verschoyle (1931)64 78 78 78 65 73 67–89 1.7–24.8 1.6 0.88 6.0 4.2
Yorizane et al. (1968)33 24 16 23 15 23 77–124 0.6–15.2 1.8 1.7 4.3 2.6
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Furthermore, one speed of sound dataset by van Itterbeck and van
Doninck78 and four datasets for the secondmixture virial coefficients are
available. None of these data were used to fit the equation but for val-
idation purposes (see Table 9). Garberoglio et al.50 used an all-
dimensional potential and the path-integral method to compute the
second virial coefficient in a temperature range between 10Kand 2000K.
However, since the data below the triple-point temperature of CO
(Ttp,CO � 68.16 K)88 show a significantly higher deviation, only the data
between 80Kand 2000Kwere considered for the validation. The authors
estimated the uncertainty of each data point based on a comprehensive
and detailed analysis. Within the temperature range between 80 K and
2000 K, the average expanded uncertainty (k � 2) is estimated to be
0.66 cm3 mol−1. Even though the new EOS does not reproduce the data

within the estimateduncertainty, theAADwas reduced from4.4 cm3mol−1

to 0.96 cm3 mol−1 compared to GERG-2008.4

3.4. Carbon dioxide + hydrogen (CO2 + H2)

With regard to the quantity of experimental data points, the
database for the binary system carbon dioxide + hydrogen is com-
parable with the databases for methane + hydrogen or nitrogen
+ hydrogen. Sources of the available data are listed in Tables 10 and
11. TheVLE data cover almost the entire temperature region from the
triple-point temperature (Ttp,CO2 � 216.59 K)89,90 up to the critical
temperature (Tc,CO2 � 304.13 K)91 of pure CO2.

A highly accurate and comprehensive dataset in this tempera-
ture range was provided by Fandi~no et al.93 The authors measured
nine isotherms with a pressure of up to 15 MPa with a static-analytic
method where a gas chromatograph is connected to a VLE cell. Based
on a detailed uncertainty analysis, they specified an expanded un-
certainty (k � 2) in terms of temperature of 0.01 K and 0.006 MPa in
terms of pressure. The expanded uncertainty (k � 2) of the com-
position depends on the mole fraction and varies between 0.01 mol%
and 0.32 mol% for the saturated liquid phase and 0.54 mol% for the
saturated vapor phase. The bubble-point data are reproduced with an
AAD of 0.15 mol% and the dew-point data with an AAD of 0.55 mol
% by the new EOS. Thus, the bubble-point data are well represented
within the uncertainty and the AAD of the dew-point data is slightly
higher than the uncertainty. However, compared to GERG-2008,4

which reproduces the data with AADs of 0.55 mol% and 2.6 mol%,
the deviations were significantly reduced. Due to the maximum
working pressure of 20MPa of the VLE cell, Fandi~no et al.93 were not
able to measure the complete phase envelopes at low temperatures.
Hence, the dataset of Tsang and Streett82 was used for modeling the
phase boundary at pressures higher than 15 MPa. Similar to their
measurements for methane + hydrogen17 and carbon monoxide +
hydrogen,81 the authors estimated the accuracy of the temperature at
0.02 K and the accuracy of the pressure at 0.5% of themeasured value.

TABLE 9. AARDs and AADs of homogeneous data calculated with the new model and with GERG-20084 for the binary system CO + H2. The corresponding unit of each AAD
is given after the respective property. N indicates the number of available state points of each publication including pure-fluid data. Pure-fluid data are not considered in the
calculation of the overall AARD/AAD

Authors N Tmin–Tmax (K) pmin–pmax (MPa) xCO,min–xCO,max AARDThis work AARDGERG-2008

Density pρT�x
Cipollina et al. (2007)83 48 308–343 8.8–23.1 0.89–0.95 74 74
Scott (1929)84 54 298.14 0.1–17.2 0.34–0.67 0.19 0.18
Townend and Bhatt (1931)85 114 273–299 1.0–60.8 0.33–0.67 0.17 0.72

Speed of sound w
van Itterbeek and van Doninck (1949)78 16 75–91 <0.1 0.17–0.88 0.22 0.22

Authors N Tmin–Tmax (K) xCO,min–xCO,max AADThis work AADGERG-2008

Second virial coefficient B12 (cm
3 mol−1)

Brewer (1967)49 1 273.15 . . . 0.77 3.3
Brewer (1967)49 1 273.15 . . . 1.16a 2.9a

Garberoglio et al. (2017)50 24 80–2000 . . . 0.96 4.4
Reuss and Beenakker (1956)86 7 35–61 . . . 18 17
Schramm et al. (1991)87 5 77–297 . . . 7.3 14

aThe composition-independent B12 was corrected according to the method given by Garberoglio et al.50 and the current reference pure-fluid equations.15,16

FIG. 12. p, x-diagram showing VLE data at 70 K, 95 K, and 125 K for the binary
system CO + H2.
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The uncertainty of the composition is estimated to be 0.5 mol% and 2
mol% in the critical region. As shown in Fig. 16 for selected isotherms,
both the data of Tsang and Streett82 and the data of Fandi~no et al.93 are
well represented by the new mixture model. The GERG-2008 model
overestimates the pressure of the phase envelope at high tempera-
tures. With increasing temperature, the GERG-2008 model shows
better agreement with the data at low pressures. However, the de-
viation between the data and the model increases with increasing

pressure. Furthermore, theGERG-2008model predicts an open phase
boundary for temperatures lower than 260 K, which contradicts the
data of Tsang and Streett.82 The deviations of all available VLE data
from the newEOS and fromGERG-20084 are illustrated in Fig. 17 and
listed in Table 10.

The different course of the phase boundary between the two
models also affects the homogeneous region near the two-phase
region, as shown in Fig. 18 for calculated densities. While the

FIG. 13. Deviation of bubble-point data (top) and dew-point data (bottom) from values calculated with the new EOS (left) and GERG-20084 (right) for the binary system CO + H2.
The ordinate is linearly scaled between the dashed lines and logarithmically scaled in the gray filled region.

FIG. 14. Percentage deviation in density in the homogeneous region between the new EOS and GERG-20084 for the binary systemCO +H2. The white dashed lines represent the
normal range of validity of both models, and the black dashed lines mark the phase boundary calculated with GERG-2008. The upper temperature and pressure limits of both axes
are based on the extended range of validity for both models. The gray filled area is the two-phase region calculated with the new EOS.
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percentage deviation is relatively small for high hydrogen concen-
trations, it increases to over 10% in the extended range of validity for
lower concentrations. Within the normal range of validity, the dif-
ference is most distinct at temperatures below 350 K and pressures
above 20 MPa. Although no highly accurate experimental homo-
geneous density data are available in this state region for validation,

the more accurate representation of the VLE data and the good
agreement with homogeneous density data in other regions indicates
that the new EOS describes the homogeneous regionmore accurately.

Overall, 11 homogeneous density datasets are available in the
literature that cover temperatures from 253K to 474 K at pressures up
to 49 MPa with hydrogen concentrations between 1 mol% and 86
mol%. The new EOS was mainly fitted to a subset of the 263 data
points of Jaeschke andHumphreys,37 which ranges from 274 K to 350
K in temperature andup to 12.6MPa in pressure. As already discussed
for methane + hydrogen, the combined experimental uncertainties
(k � 2) are estimated to be within 0.07% and 0.08%. Except for some
data points on the 274 K isotherm, the majority of the data are
reproduced within the specified uncertainty. As shown in Fig. 19,
deviations on the 274 K isotherm increase slightly at increasing
pressures. This increase is also apparent for values calculated from
GERG-2008 and could not be completely eliminated in the new EOS.
Nevertheless, the data are very consistent and are, therefore, rated as
very reliable. Compared toGERG-2008,4 the overall AARD is reduced
from 0.062% to 0.018%. Another accurate dataset was provided by
Ben Souissi et al.101 Although the data were measured with a two-
sinker magnetic suspension densimeter, which belongs to the most
accurate measurement apparatuses, they cannot be represented
within their experimental uncertainty of∼0.06%by any of themodels.
Because the authors measured a mixture with a lower hydrogen
concentration than Jaeschke andHumphreys,37 it was tried tofit them
within their experimental uncertainty to extend the fitted compo-
sition range. However, this attempt caused a loss of accuracy in the
description of the Jaeschke and Humphreys37 data, which is why they
were finally only fitted with low weights. To investigate this dis-
crepancy, an experimental dataset is being measured at the Ruhr
University Bochum, which overlaps both Jaeschke and Humphreys37

data and Ben Souissi et al.101 data in temperature, pressure, and
composition. However, the measurements are not completed at this
stage and, therefore, the data are not yet available.

Outside the temperature andpressure range of the databy Jaeschke
and Humphreys,37 no data with comparable accuracy are available. Up

FIG. 15. Percentage deviation of homogeneous density data from values calculated
from the new EOS (top) and GERG-20084 (bottom) for the binary system CO + H2.
The ordinate is linearly scaled between the dashed lines and logarithmically scaled
in the gray filled regions.

TABLE10. AADs (inmol%) of VLE data calculated with the newmodel and with GERG-20084 for the binary systemCO2 + H2.N indicates the number of available state points of each
publication including pure-fluid data. Both AADs and number of data points are listed for bubble-point data (subscript “x”) and dew-point data (subscript “y”). The number of calculated
points refers to the new EOS. Pure-fluid data as well as data where deviations in terms of mole fraction could not be calculated were not considered for the AADs

Author

Available data Calculated This work GERG-2008

N Nx Ny Nx,calc Ny,calc Tmin–Tmax (K) pmin–pmax (MPa) AADx AADy AADx AADy

Augood (1957)19 3 3 3 3 3 239.73 18.6–19.3 0.35 3.2 1.1 2.9
Bezanehtak et al. (2002)92 42 42 34 42 34 278–299 4.8–19.3 1.1 3.0 0.24 6.4
Fandiño et al. (2015)93 95 95 95 86 86 218–304 0.6–15.4 0.15 0.55 0.58 2.6
Freitag and Robinson (1986)94 7 6 7 6 7 258–274 6.9–27.6 0.39 1.2 1.2 3.2
Jett et al. (1994)39 9 9 0 9 0 142–189 2.2–5.5 4.3 . . . 4.5 . . .
Kaminishi and Toriumi (1966)95 23 21 22 20 21 233–299 5.1–20.0 0.25 1.7 0.83 3.8
Spano et al. (1968)96 58 46 50 46 50 219–290 1.1–20.3 0.22 1.3 0.63 1.2
Tenorio et al. (2015)97 73 37 36 37 36 252–303 2.0–10.5 0.31 0.29 0.85 0.47
Tsankova et al. (2019)98 27 0 27 0 27 249–297 1.9–7.1 . . . 0.52 . . . 0.35
Tsang and Street (1981)82 143 138 141 134 138 220–290 0.9–172 0.52 0.78 12 6.3
Tsiklis (1946)99 7 7 7 7 7 273.15 3.9–6.9 2.9 11 2.4 9.4
Yorizane (1971)56 12 11 11 11 11 273.15 6.1–37.5 3.1 2.1 7.5 8.0
Yorizane et al. (1970)100 12 11 11 11 11 273.15 6.1–37.5 3.1 2.1 7.5 8.0
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to 50 MPa, only Cipollina et al.83 and Kritschewsky and Markov70

provided data. However, both datasets exhibit large scatter and were,
consequently, not used for adjusting the parameters of the new model.
The high-temperature region up to 474Kwas investigated byMallu and
Viswanath102 and Kritschewsky and Markov.70 Since the data of

Kritschewsky andMarkov70 scatter with deviations of up to 4% and the
data of Mallu and Viswanath102 show an offset to the data of Jaeschke
and Humphreys,37 none of them were used for adjusting the high-
temperature region. Within the temperature region of the extended
rangeof validity,Cheng et al.103 provided16densitydatapoints at 673K.
However, since the data were only available after completing the
equation, they were solely used for validation. For the measurements
with a modified Burnett method, the authors specify an expanded
uncertainty (k� 2) of 0.2 K for temperature, 1.5% for pressure, and 0.8%
for density. Except for two data points at pressures above 20MPa, both
the new EOS and the GERG-2008 model4 reproduce the data within
their combined expanded uncertainty. Overall, almost all available
datasets are represented with a lower AARD by the new EOS than by
GERG-2008 (cf. Table 11).

In addition to theVLE andhomogeneous density data, one speed
of sound and four virial coefficient datasets are available. These data
were not used for fitting the EOS but only for validation. As with the
binary hydrogenmixtures discussed in Secs. 3.1-3.3, the new EOS and
the GERG-2008 model4 perform similarly and reproduce the data
with similar deviations.

4. Physical Behavior

As explained in Sec. 2 and shown in Sec. 3, experimental data are
the basis for the development of each equation of state. By adjusting
the parameters of the equation to the experimental data, the course of

TABLE 11. AARDs and AADs of homogeneous data calculated with the new model and GERG-20084 for the binary system CO2 + H2. The corresponding unit of each AAD is given
after the respective property. N indicates the number of available state points of each publication including pure-fluid data. Pure-fluid data are not considered in the calculation of the
overall AARD/AAD

Author N Tmin–Tmax (K) pmin–pmax (MPa) xCO2,min–xCO2,max AARDThis work AARDGERG-2008

Density pρT�x
Ababio and McElroy (1993)104 53 303–344 0.6–12.7 0.51–0.65 0.13 0.21
Ben Souissi et al. (2017)101 47 273–324 0.5–6.0 0.9464 0.18 0.091
Bezanehtak et al. (2002)92 42 278–299 4.8–19.3 0.84–0.99 37 37
Cheng et al. (2019)103 16 673.10 0.6–25.1 0.30–0.40 0.48 0.50
Cipollina et al. (2007)83 48 308–343 20.1–48.9 0.76–0.95 0.53 2.8
Kritschewsky and Markov (1940)70 54 273–474 5.1–50.7 0.26–0.53 1.4 1.8
Mallu and Viswanath (1990)102 130 323–424 0.1–6.0 0.14–0.77 0.45 0.53
Pinho et al. (2015)105 3 306–307 12.0–12.8 0.80–0.90 6.7 6.9
Jaeschke and Humphreys (1990)37 263 274–350 0.2–12.6 0.25–0.50 0.018 0.062
Sanchez-Vicente et al. (2013)106 488 288–334 1.5–22.7 0.90–0.98 1.3 1.4
Zhang et al. (2002)107 20 308.15 5.5–12.9 0.997 2.1 2.4

Speed of sound w
Maurer (2021)48 48 249–351 0.5–9.9 0.46–0.75 0.060 0.078

N Tmin–Tmax (K) xCO2,min–xCO2,max AADThis work AADGERG-2008

Second virial coefficient Ba (cm3 mol−1)
Brewer (1967)49 3 223–274 . . . 5.9 2.5
Brewer (1967)49 3 223–274 . . . 3b 5.1b

Cottrell et al. (1956)109 6 303–364 0.5 2.7c 1.3c

Edwards and Roseveare (1942)80 1 298.14 . . . 31 31
Mallu and Viswanath (1990)102 9 323–424 0.14–0.77 6.4c 7.8c

aIf no composition range is given, the dataset contains only the composition-independent B12 and no composition-dependent B.
bThe composition-independent B12 was corrected according to the method given by Garberoglio et al.50 and the current reference pure-fluid equations.15,108
cDataset also contains the composition-independent B12.

FIG. 16. p, x-diagram showing VLE data at 235 K, 260 K, and 295.7 K for the binary
system CO2 + H2.
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the Helmholtz energy and thus the course of all properties calculated
from it are dictated by the selected data. However, even for experi-
mentally well investigated mixtures, the database covers only parts of
the temperature-, pressure-, and composition-dependent state re-
gions. To ensure correct physical behavior in regions not covered by
experimental data, various thermodynamic properties andderivatives
of the Helmholtz energy were evaluated during the development of
the models. In addition to technically relevant state regions, the
physical behavior of the equations was also investigated at extreme
temperature and pressure ranges in this process. Unreasonable

behavior, such as bumps in isolines, was corrected by applying
mathematical constraints. By defining the slope and curvature of
isolines, qualitatively reasonable results were ensured at conditions
outside the range of validity. In Fig. 20, the mixing behavior of
methane + hydrogen is shown in two example diagrams for different
compositions. Even at temperatures and pressures twice as high as the
extended range of validity, the isotherms and isochores are smooth
and behave reasonably.

Since similar results were achieved for all investigated mixtures,
only the behavior of methane + hydrogen is shown as an example.

FIG. 17. Deviation of bubble-point data (top) and dew-point data (bottom) from values calculated with new EOS (left) and GERG-20084 (right) for the binary system CO2 + H2. The
ordinate is linearly scaled between the dashed lines and logarithmically scaled in the gray filled region.

FIG. 18.Percentage deviation in density in the homogeneous region between the newEOSandGERG-20084 for the binary systemCO2 +H2. Thewhite dashed lines represent the
normal range of validity of both models, and the black dashed lines mark the phase boundary calculated with GERG-2008. The upper temperature and pressure limits of both axes
are based on the extended range of validity for both models. The gray filled area is the two-phase region calculated with the new EOS.
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However, the lower temperature and upper pressure limit should
always be considered in dependence of the pure fluids involved as
solids can form at very high pressures and below the triple-point
temperature and the equations are only valid for the fluid phase.

A key constraint in the development of the equations was the
residual isochoric heat capacity as a function of temperature.
Correct physical behavior of this property is the positive curvature
of the saturated vapor line and the negative slope of the saturated
liquid line away from the critical region. The corresponding vapor
isochores should exhibit a negative slope with positive curvature to
ensure a correct transition to the ideal-gas limit at high tem-
peratures.110 These constraints led to correct physical behavior of
several other properties and were, therefore, applied to all de-
veloped equations. In Fig. 21, the residual isochoric heat capacity
as a function of temperature is illustrated for the binary system
methane + hydrogen at the equimolar composition. All developed
departure functions show similar behavior and fulfill the discussed
criteria.

Deiters and Bell111 showed that a number of the pure-fluid
property models employed in the GERG-2008 formulation4 result
in erroneous critical curves for the mixture. In this case, the er-
roneous behavior is manifest as a critical curve that has a local

maximum in temperature greater than the temperature of the pure
fluid mixed with hydrogen. This erroneous maximum is associated
with unphysical phase equilibria. The critical curve tracing routines
from Deiters and Bell112 were used to trace the critical curves,
starting at the pure fluid. A downside of this approach is that it may
miss other critical curves that do not emanate from the pure fluid.
The critical curves were traced from the critical pressure of the fluid
to 200 MPa. The arclength integration approach was used along
with constant-pressure polishing of the solution at each step. The
resulting curves are shown in Fig. 22, and the numerical values
obtained as well as the standalone code in Python are in the
supplementary material. In the cases of methane and CO2,
unphysical maxima are seen at pressures slightly above those of the
pure components. Deiters and Bell111 showed that this physical
defect of the mixture model is probably a consequence of the pure-
fluid equations of state, not the mixture model itself. The critical
data points17,18,81,82 in Fig. 22 were not used for adjusting the
parameters of the new models because they were obtained by
extrapolating saturated liquid and vapor data points and were not
determined experimentally. However, since the models were fitted
to the experimentally determined saturated vapor and liquid data,
they also show good agreement with the critical data points.

FIG. 19. Percentage deviation of homogeneous density data from the new EOS (left) and GERG-20084 (right) for the binary system CO2 + H2. The ordinate is linearly scaled
between the dashed lines and logarithmically scaled in the gray filled regions.
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5. Conclusion

Four binary-specific equations of state explicit in the Helmholtz
energy were presented for the binary systems of hydrogen with
methane, nitrogen, carbon monoxide, and carbon dioxide. The
fundamental mathematical structure of the developed mixture
models corresponds to the GERG-2008 model4 and was extended by
modified Gaussian bell-shaped terms.10 While only the binary
mixture methane + hydrogen is described with a departure function
in the GERG-2008 model, new departure functions were developed
for each of the investigatedmixtures. Based on amore comprehensive
database and new fitting techniques, a significantly better repre-
sentation of the VLE data was achieved and the impact of the shifted
phase boundaries on the homogeneous region was analyzed. The
homogeneous region was mainly adjusted to the available density
data, but other properties were also used for validation. In addition to
accurately representing the experimental data, reasonable physical
behavior of the models was ensured by the analysis of numerous
thermodynamic properties.

The normal range of validity covers temperatures of 90 K ≤ T
≤ 450 K and pressures of p ≤ 35 MPa and is, therefore, equal to the
normal range of validity of GERG-2008.4 The same applies to the
extended range of validity, which covers temperatures of 60 K ≤ T
≤ 700 K and pressures of p ≤ 70 MPa.

For further improvements and a more comprehensive valida-
tion, new highly accurate data are required. Especially for the binary
system carbon monoxide + hydrogen, accurate data within the ho-
mogeneous region would be of great benefit.

Test values calculated with CoolProp14 of the mixture models
for computer implementation are given in Table 12. The number of
digits of the properties is not related to the uncertainty of themodel.

FIG. 20. p, ρ-diagram (top) and p, T-diagram (bottom) calculated with the new EOS
in REFPROP12 for the binary systemCH4 + H2 at different compositions. The mixing
behavior is shown for pressures up to 200 MPa and temperatures up to 1500 K.

FIG. 21. crv, T-diagram calculated with the new EOS in REFPROP12 for the binary
system CH4 + H2 at the equimolar composition and isochores up to 40 mol dm

−3.

FIG. 22. p, T-diagram showing the critical curves of the binary mixtures CH4 + H2,
N2 + H2, CO + H2, and CO2 + H2 calculated with the new EOS and GERG-2008.4
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Using REFPROP12 for validation leads to slightly different values
(differences of about 1 ppm) since REFPROP Version 1012 uses the
current reference gas constant113 for most pure-fluid calculations,
whereas CoolProp14 uses the gas constant specified in the corre-
sponding publication of the pure-fluid equation. For mixture
calculations, CoolProp14 calculates the gas constant as the mole-
fraction-averaged values of the pure components.

6. Supplementary Material

See the supplementary material for mixture model parameters
for the current reference pure-fluid equations and the critical-curve
tracing routine as a standalone code in Python.
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