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ABSTRACT

The International Association for the Properties of Water and Steam has recently adopted a new formulation for the thermodynamic properties
of heavy water. This manuscript describes the development of a new formulation for the viscosity of heavy water that is consistent with the new
equation of state and is valid for fluid states up to 775 K and 960 MPa with uncertainties ranging from 1% to 5% depending on the state point.
Comparisons with experimental data and with a previous viscosity formulation are presented. The new formulation contains terms for the
enhancement of viscosity in a small region near the critical point that were not included in previous formulations. The new formulation is
applicable over a wider range of conditions than previous correlations.
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1. Introduction

The properties of heavy water, deuterium oxide (D,0O, CAS No.
7789-20-0), are of interest for a number of applications, including as a
neutron moderator and coolant in nuclear reactors' and in biological
and medical research as a labeling compound. A first survey of some
thermophysical and chemical properties of heavy water was published
in 1951 in the U.S. in a book by Kirshenbaum.” Following this, in
1963, a comprehensive collection of thermophysical property in-
formation, including tables of thermodynamic properties of heavy
water, was published by Kazavchinskii and co-workers’ in the Soviet
Union.

The activities of the International Association for the Prop-
erties of Steam (IAPS), which later became the International As-
sociation for the Properties of Water and Steam (IAPWS), started in
1979 on the transport properties of D,0, when Watson® prepared a
formulation for the zero-density viscosity of heavy water valid
between 273.15 and 1773.15 K with an estimated uncertainty
ranging between 3% and 5%.
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15.  Percentage deviations of the primary experimental

data from the 2007 TAPWS formulation as a function

of temperature for pressures between 0.102 and

100 MPa . ... ... 15
16.  Percentage deviations of the primary experimental data

from the present formulation as a function of temperature

for pressures above 100 MPa ... .............. 15

17. Percentage deviations of the primary experimental data
from the 2007 IAPWS formulation as a function of tem-
perature for pressures above 100 MPa. . .. ... .. ... 15
18.  Percentage deviations of the primary experimental data
from the present formulation as a function of density . . 15

19.  Percentage deviations of the primary experimental data

from the 2007 IAPWS formulation as a function of

density . ... ... 16
20.  Percentage deviations of the primary experimental data

from the present formulation as a function of pressure for

temperatures below 27697 K. . . . .. ... .. ... .. 16
21.  Percentage deviations of the primary experimental data

from the 2007 IAPWS formulation as a function of pres-

sure for temperatures below 276.97 K. . . ... ... ... 16

22.  Percentage deviations of the primary experimental data
from the present formulation as a function of pressure for
temperatures between 277 and 500 K . . . ... ... ... 16
23.  Percentage deviations of the primary experimental

data from the 2007 IAPWS formulation as a

function of pressure for temperatures between 277 K

and 500K ... ... 17
24.  Percentage deviations of the primary experimental data

from the present formulation as a function of pressure for

temperatures above 500K . .. ... ... ... L. 17
25.  Percentage deviations of the primary experimental data

from the 2007 IAPWS formulation as a function of pres-

sure for temperatures above 500 K. . .. .......... 17
26.  Expanded uncertainties of the present formulation for the
viscosity of heavy water. . . . ........ .. ... .. .. 17

In 1980, Nagashima and Matsunaga’ proposed the first corre-
lation for the viscosity of heavy water, covering liquid and gaseous states
in the temperature range 276.96-773.15 K and up to 100 MPa. Due to
an insufficient number of available data on the viscosity in the very
narrow region near the critical point (+1 K and +0.1 MPa), they
suggested that a critical enhancement be left for future study and they
did not propose a term to account for the critical enhancement. Their
formulation was proposed to be accurate to +2% in the entire region
except for the vapor region below 373 K, the liquid region near the
melting point, and the critical region. For the development of the
correlation, the density of D,O was calculated with the aid of the 1977
equation of state (EOS) of Tkeda et al.” in the liquid region up to 100
MPa and with the aid of the modified law of corresponding states and
the 1975 EOS for H,O by Pollak” in all other regions.

In 1982, an EOS for heavy water was developed by Hill et al.®
Following this, and at the request of the Executive Committee of
IAPS, Matsunaga and Nagashima” in 1983 published a new cor-
relation for the viscosity of heavy water. The correlation was
formulated as the multiplication of the zero-density viscosity term
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TABLE 1. Summary of experimental data for the viscosity of D,O
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First author Year Method® Uncertaintyb (%) Purity (%) Number of data Temp. range (K) Press. range (MPa)
Primary data

Issenmann’” 2019 DDM 2-7 100° 78 244-293 0.1
Harris™ 2004 FB 1 99.9 128 256-298 0.1-395
Agayev”’ 1990 CAP 1.2 99.8 182 263-283 0.1-216
Rivkin® 1986  CAP 1 99.93 57 645-673 12-28
Kestin™® 1985  OSD 0.2 99.75 72 298-493 sat—30
Agayev’ ¢ 1980  CAP 0.5-1.5 99.8 172 277-645 0.1-196
Gongalves™* ¢ 1980  CAP 0.1 99.75 6 293-333 0.1
Rivkin®’ ¢ 1980  CAP 1 na 71 523-643 2-21.5
Abe®’d 1978  CAP 1.5 99.8 40 473-673 0.1-20
Kinoshita®*¢ 1978  CAP 0.5 99.87 50 323-773 5-78
Osipov™”’ 1977  CAP 1.5-3 98 26 242-277 0.1
Kellomiki™* ¢ 1975 CAP 0.1 99.8 6 283-308 0.1
Rivkin®* %" 4 1975  CAP 1 na 50 323-773 10-50
Rivkin®® ¢ 1974  CAP 1 na 69 473-648 sat—50
Timrot™” ¢ 1974  OSD 0.35 99.5 15 375-778 0.008-0.13
Agayev'’ ! 1971  CAP 1 99.8 157 373-548 0.1-118
Millero™*! ¢ 1971  CAP na 99.88 28 278-343 0.1
Selecki’” ¢ 1970  CAP 0.8 99.8 6 298-363 0.1
Agayev'’ ! 1968  CAP 0.5 99.8 257 277-423 0.1-118
Harlow™ 1967 FB 14 99.7 9% 283-373 0.1-964
Bonilla™” 1956  CAP 0.3 99.8 15 473-1775 0.1
Secondary data

Frost'® 2020 DDM 4 99.9 16 297 100-1470
DeFries”’ 1977 RB 2 99.77 36 258-283 0.1-600
Kudish™**’ 1975  CAP 0.2 94.83° 10 288-308 0.1
Lee™ ) 1972 RB 2 99.8 55 283-363 1.5-467
Timrot ™' 1959  CAP 0.5 na 24 288-561 4.5-32
Heike 1954 FB 3 99.2 12 303-523 0.1-4
Hardy ™" 19499  CAP 0.25 99.5 11 278-398 0.1-0.3
Lemopde"“‘ 1941 CAP na 99.65 17 277-293 0.1
Iones”j’_ 1936 CAP na 97.6 1 298 0.1
Baker”i 1935 CAP na 98° 1 298 0.1
Taylor™® 1934 CAP na na 1 293 0.1
Lewis™ 1933  CAP 0.5 90° 7 278-308 0.1
Selwood*’ 1933  CAP na 92° 1 293 0.1

“CAP: Capillary, DDM: Dynamic differential microscopy, FB:

®na: Not available.

Falling body, OSD: Oscillating disk, and RB: Rolling body.

“Value extrapolated to 100% by the original authors.
9Measurements employed by Matsunaga and Nagashima.”
“For isotope D,'®0, not considered further here.

and a residual term while the critical enhancement was not con-
sidered. The zero-density term was based on the aforementioned
work of Watson." The formulation was valid up to 100 MPa and
from the triple-point temperature up to 775 K. It was also published
together with other properties of D,O in a paper by Kestin et al.'’
and incorporated in the IAPS Release of 1984'' and the Revised
IAPWS Release of 2007."”

It should also be mentioned that in 1999, Aleksandrov and Mat-
veev'’ proposed a formulation for the viscosity of heavy water, including
additional viscosity data that were not available in 1983. Similar to
Matsunaga and Nagashima,” they did not include a critical enhancement.

In 2018, a new EOS for heavy water was developed by Herrig
etal."" and incorporated in the Revised IAPWS Release of 2017."” The
new EOS describes the density near the critical point accurately,
which allows for the initial calculation of the viscosity critical en-
hancement. This new EOS, the availability of new measurements of
the viscosity of heavy water performed after 1983, and a much better
understanding of the viscosity critical enhancement were part of the
motivation for the development of an improved correlation for the
viscosity of heavy water in this work. In addition, advances in the
calculation of the zero-density viscosity by Hellmann and Bich'® can
now be incorporated. The new formulation provided in this work is
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recommended for calculating the viscosity of heavy water, which
IAPWS defines as water whose hydrogen atoms are entirely the
deuterium isotope (*H or D) and whose oxygen isotopes have the
same abundance as in ordinary water.'” The new formulation for the
viscosity of heavy water described in this work has recently been
adopted by IAPWS as an international standard;'® one of the pur-
poses of this manuscript is to document the new standard.

We follow a procedure adopted by Matsunaga and Nagashima’
(also used in our previous formulation of the viscosity of water'”)
that is applied to the best available experimental data. The analysis
begins with a critical assessment of the experimental data for vis-
cosity. For this purpose, two categories of experimental data have
been defined: primary data employed in the development of the
correlation, and secondary data used simply for comparison pur-
poses. According to the recommendation adopted by the Sub-
committee on Transport Properties (now known as the
International Association for Transport Properties) of the Inter-
national Union of Pure and Applied Chemistry (IUPAC), the
primary data are identified by a well-established set of criteria.”’
These criteria have been successfully employed to establish standard
reference values for the viscosity and thermal conductivity of fluids
over wide ranges of conditions, with uncertainties in the range of
1%. However, in many cases, such a narrow definition unacceptably
limits the range of the data representation. Hence, within the
primary dataset, it is also necessary to include results that extend
over a wide range of conditions, albeit with a higher uncertainty,
provided that they are consistent with other lower uncertainty data
or with theory. In all cases, the uncertainty claimed for the final
recommended data must reflect the estimated uncertainty in the
primary information.

2. Experimental Data

In 1983, Matsunaga and Nagashima’ reviewed the data available
at the time. Later, Assael et al.” built upon that work and, as part of a
joint project between IAPWS and the International Association for
Transport Properties, collected experimental data on the viscosity of
heavy water and converted the data to the ITS-90 temperature scale
and a common set of units. A few datasets were recalculated, and the
modifications will be discussed later. Unless the temperature scale was
explicitly stated in a publication or additional information was
available, the year of publication was used to determine the appro-
priate temperature scale for the conversion.

In this work, we have employed all the data examined by Matsunaga
and Nagashima’ in 1983 and considered six sets of measurements
performed after that date. Table 1 summarizes all available datasets; 34
papers were considered totaling 1773 viscosity measurements. The
temperature range covered is from 242 to 778 K (with one dataset at
0.1 MPa extending to 1775 K) and up to 1470 MPa. In the same table, the
technique employed, the uncertainty as quoted by the original authors,
and the purity of the sample are also shown. It should be noted that the
uncertainties as given by the original authors are often unclear on the
coverage factor used and may not all be on the same basis.

From the 34 datasets presented in Table 1, 21 sets were con-
sidered as primary data to be used for the development of the for-
mulation. These include the 13 datasets employed in the previous
viscosity formulation of Matsunaga and Nagashima’ (marked in the
table by a superscript d) and 8 more. Also included are the

ARTICLE scitation.org/journalljpr

measurements of Osipov et al.” that were performed in a capillary
viscometer down to 242 K, with an uncertainty of 1.5%-3%. As there
are few supercooled measurements, these were considered as primary
data. The recalculated viscosities from the measurements of Bonilla
et al.*”” (to be discussed in Sec. 3.1) were also included as they are the
only ones extending to very high temperatures. These were performed
in a capillary viscometer with 0.3% quoted uncertainty. The mea-
surements of Harlow"* were made with a falling-cylinder apparatus
and were included in the primary dataset in order to extend the
pressure range, as these measurements extend to 960 MPa. The
experimental measurements in the remaining five datasets were
performed after the aforementioned formulation. The measurements
of Kestin et al.”® were performed in an oscillating-disk viscometer
with an uncertainty of 0.2%. Agayev’’ and Harris and Woolf”’
performed measurements that extended to high pressures at low
temperatures with 1% uncertainty with a capillary viscometer and a
falling-body viscometer, respectively. Very recently, Issenmann and
Caupin’’ performed measurements employing a dynamic differential
technique on metastable supercooled heavy water. Finally, Rivkin and
Romashin™ published high-temperature measurements obtained
using a capillary viscometer with 1% uncertainty. All these datasets
were included in the primary data. In addition, the very recent data of
Frost and Glenzer' came to our attention after the development of
the formulation and thus were not included in the development but
are included as secondary data and are used for comparisons. The
measurements, all at 24 °C, extend to extremely high pressures (up to
1470 MPa) and were performed with an experimental technique
incorporating differential dynamic microscopy.

Figures 1 and 2 show the temperature—pressure ranges and the
temperature-density ranges of the primary experimental data listed
in Table 1. We will formulate the correlation as a function of tem-
perature and density, in part, because there is a theoretical basis for
such a form for the transport properties of moderately dense gases and
for the critical region. Typically, experimental viscosity measure-
ments are presented at specified temperatures and pressures, and it is

1000
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FIG. 1. Temperature—pressure ranges of the primary experimental viscosity data for
heavy water.
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FIG. 2. Temperature—density ranges of the primary experimental viscosity data for
heavy water.

therefore necessary to use an EOS to obtain the value of density
corresponding to an experimental T,p state point. We use the recently
developed accurate, wide-ranging EOS developed by Herrig et al."*
that is valid from the triple point up to 825 K and 1000 MPa. In the
homogenous liquid and vapor phases, the expanded relative un-
certainties of densities calculated from the EOS are mostly within
0.1%; liquid-phase densities at atmospheric pressure can be calculated
with an uncertainty of 0.01%. We also adopt the values for the critical
point from Herrig et al."* The critical temperature, T, the critical
pressure, p., and the critical density, p., are 643.847 K, 21.6618 MPa,
and 356.00 kgm >, respectively.'* The triple-point temperature
employed is 276.969 K, and the molar mass is 20.027 508 g mol *.""
The primary dataset contains some data in the metastable super-
cooled region, which is not explicitly covered by the EOS of Herrig
et al."* For points below the triple point at atmospheric pressure in the
metastable supercooled region, we use the work of Duska et al’ to
provide density; this was applied to the data of Issenmann and
Caupin’” and of Osipov et al.”” that require densities at temperatures
as low as 242 K at atmospheric pressure. We note that recently, we
became aware of another publication that also deals with the density
of supercooled heavy water.”

3. Development of the Formulation

In order to provide consistency with the conventions adopted by
IAPWS in their releases on the transport properties of water and
heavy water, we use the following dimensionless variables for tem-
perature T, mass density p, pressure p, and viscosity p:

ARTICLE scitation.org/journalljpr

TABLE 2. Reference constants

Constant Value
™ 643.847 K
P 356.0 kg m™~>
p* 21.6618 MPa
uw* 1 X10°Pas
T B ~
T-— p=§, p=§, y=§, (1)

where the reference constants are given in Table 2. The reference
values for temperature, pressure, and density are the critical
parameters of the IAPWS reference EOS for heavy water,"* while
#* =1 X 107° Pass is the scale factor previously adopted by IAPWS for
the viscosity of H,0."” All temperatures are expressed in terms of the
ITS-90 temperature scale.

The formulation for the viscosity of heavy water has the same
general form as the current formulation for the viscosity of water,'”
namely,

B = fig (T) X iy (T, p) X i1, (T, p). )
The first factor i, of the product represents the viscosity in the zero-
density limit and is a function of temperature only. The second factor
#, represents the residual contribution to viscosity (due to increasing
density), while the third factor ji, represents an enhancement of the

viscosity near the critical point. The determination of each of these
contributions will be considered in Secs. 3.1-3.3.

3.1. Viscosity in the limit of zero density

In 2017, Hellmann and Bich'® applied the classical kinetic theory
of polyatomic gases to calculate the traditional transport properties of
heavy water in the zero-density limit using two highly accurate
ab initio pair potentials. Results were reported for shear viscosity,
thermal conductivity, and the product of molar density and self-
diffusion coefficient at temperatures between 250 and 2500 K. The
expanded uncertainty (coverage factor k = 2) of the computed values
for the viscosity is estimated to be 2%. Due to the lack of a large
amount of high-quality experimental data for heavy water, we chose
to base the zero-density correlation on the calculations of Hellmann
and Bich'® alone and only compare with the experimental data; this is
different than the approach taken for ordinary water.'”"” In order to
cover the entire temperature range from 250 to 2500 K, we fitted the
viscosity values to the following empirical form, as a function of the
dimensionless temperature 7"

o (T) =T 889754 +61.22217 T-44.8866 T° +111.5812 T° + 3.547 412 T 3)
o 0.79637 +2.38127 T —0.33463 T* + 2.669 T" + 0.000 211 366T"
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Equation (3) agrees to within 0.05% with all values given by Hellmann
and Bich'® over the temperature range 250-2500 K. As mentioned
above, the values given by Hellmann and Bich'® have an estimated
uncertainty of 2%.

Equation (3) was tested vs the available experimental data. The
following sets were employed:

Rivkin et al.”” and Agayev”” performed capillary measurements in
the vapor phase, with an uncertainty of 1% and 1.5%, respectively.
As both these investigators measured the viscosity along specific
isotherms, it was easy to extrapolate their measurements to zero
density with a linear function.

Abe et al.”’ also performed capillary measurements in the vapor
phase with an uncertainty of 1.5%, but at 0.1 MPa. These values
were incorporated as zero-density values, introducing a maxi-
mum additional uncertainty of 0.2%.

Timrot et al.”” employed an oscillating-disk viscometer for mea-
surements in the vapor phase, with an uncertainty of 0.35%. They
measured at very low pressures, well below 0.03 MPa, and thus,
their measurements at the lowest pressure were considered as zero-
density values. This introduced an additional error of ~0.1%.
Finally, Bonilla et al."” employed a capillary viscometer for mea-
surements in the vapor phase from 473 to 1775 K, at 0.1 MPa,
with a quoted uncertainty of 0.3%. Values at 0.1 MPa were
employed, introducing a 0.2% uncertainty. Furthermore, they
calibrated their instrument with nitrogen employing the 1945
values measured by Vasilesco.”* Since the calibration procedure
was given in their publication, we recalculated their viscosity
values employing more up-to-date nitrogen values.”

L]

In Fig. 3, the deviations of the experimental viscosity values from those
calculated by Eq. (3) are shown. The agreement is within 2% except for
data at the lowest four temperatures examined by Bonilla et al.”” that
also deviate slightly from the other data in this region. In the same
figure, the deviations of the 2007 IAPWS viscosity formulation'” from
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FIG. 3. Peroentage deviations of the exgenmental viscosity values from those calculated
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the values calculated by Eq. (3) are also shown. The agreement is
excellent down to 280 K, where the deviations begin to exceed 3%.
Therefore, Eq. (3) is considered sufficient to represent the zero-
density viscosity of heavy water from 250 to 2500 K with an un-
certainty of 2% (at the 95% confidence level). However, we note that at
very high temperatures (above about 2100 K for steam“®), dissociation
may occur. The present equation does not account for dissociation;
one may wish to consider these effects, as discussed in Refs. 66 and 67.

3.2. Residual contribution

The second factor 1, of the product in Eq. (2) is the residual viscosity
and represents the contribution to viscosity due to increasing density.
This term is frequently referred to in the literature as excess viscosity,
but here we follow the alternative nomenclature of residual viscosity.
The critical region is not considered here; it will be treated separately in
Sec. 3.3. We adopt the same general form for ji; as in the previous IAPWS
formulation for D,O”'*'* and also for ordinary water,"”

69

~ T o B 6 1 i 6 B ;
i ( ,p)—exp[Pi:ZO(T—l) ;)Hij(P_l) ] )

with coefficients H;; to be determined by regression of experimental
data.

All data were initially assigned weights 1/u* where u is the es-
timated experimental uncertainty. The uncertainties are given in
Table 1 and are as given in the original author’s recommendation unless
noted otherwise. As discussed earlier in Sec. 2, all densities were
computed with the EOS of Herrig et al.'* except for the metastable
supercooled region where the densities were obtained from Ref. 61.

Equation (4) contains a maximum of 49 empirical terms; there is
no theoretical motivation for the form or the total number of terms
necessary or which terms will best represent the experimental data.
Following a procedure in our previous work,'” in order to determine
the statlsucally significant terms, we used a simulated annealing
procedure”’ along with the orthogonal distance regression package
ODRPACK’" to arrive at our final formulation. Simulated annealing”’
is an optimization technique that can be used in complex problems
where there may be multiple local minima. It is a combinatorial method
that does not require derivatives and does not depend upon “traveling
downhill”; it is also relatively easy to implement. In this work, the search
space contained a bank of terms corresponding to the terms in Eq. (4)
for all values of i and j. The total number of terms was fixed in each
optimization experiment, and the simulated annealing algorithm was
used to determine the optimal terms from the bank of terms. As in
earlier work,”> we implemented an annealing schedule recommended
by Lundy and Mees.”” Successive runs were made with different total
numbers of terms, from 20 to 26. During successive runs, we found it
necessary to increase or decrease the weight in some (T,p) regions in
order to obtain a good representation of the data. In particular, we
found it necessary to add additional weight to the data of Harris and
Woolf” at low temperatures and high pressures and the metastable
supercooled region represented by the datasets of Issenmann and
Caupin’” and of Osipov et al.”

Although, as mentioned in the previous paragraph, the terms in i,
are empirical there is some theoretical guidance on the linear-in-

by Eq. (3 %ayev2 ), Rivkin et al” (e), Abe et al.”* (a), Timrot et al.* (), and density term”* contained in Eq. (4). To ensure that the first density
Bonilla et aI . The sol|d curve is the IAPWS 2007 viscosity formulation. correction in the gas phase, y @ described by Egs. (5)-(7), behaved in a
J. Phys. Chem. Ref. Data 50, 033102 (2021); doi: 10.1063/5.0048711 50, 033102-6

U.S. Secretary of Commerce.


https://doi.org/10.1063/5.0048711
https://scitation.org/journal/jpr

Journal of Physical and
Chemical Reference Data

TABLE 3. Coefficients Hj in Eq. (4) for i, (T p)

i J Hy'

0 0 0.510953
2 0 —-0.558 947
3 0 -2.718 820
4 0 0.480990
5 0 2.404510
6 0 —-1.824 320
0 1 0.275 847

1 1 0.762 957
3 1 1.760 340
4 1 0.081908 6
6 1 1.417750
0 2 —-0.228 148
1 2 —-0.321497
5 2 —-2.302 500
0 3 0.066 103 5
1 3 0.0449393
2 3 1.466 670
5 3 0.938 984
6 3 —-0.108 354
0 4 —-0.004 812 65
2 4 -1.545710
3 4 -0.057093 8
5 4 -0.0753783
2 5 0.553 080
2 6 -0.0650201

“Coefficients H;; omitted from Table 3 are identically equal to zero.

reasonable manner, we forced it to approach zero for very large T'and to
be negative at low temperatures. This is consistent with theoretical
approaches.”* In addition, since there were few experimental data for
4 for D,0, we included data for the first density correction for or-
dinary water'” into our regressions to guide proper behavior. We make
the assumption that the initial density dependence behavior of water is
similar to that of heavy water and can be used to assist in obtaining
qualitatively correct behavior. One can represent the initial density
dependence of the viscosity in the gas phase as

o

@ = lim - 5
= Sl ©)
and for the low-density gas as
u=p+up. 6)
From Egs. (4) and (5) we obtain
(1):.“0(T) GH, l_l i 7
KR s\ ) 7

We fitted the experimental primary viscosity data for D,0, listed
in Table 1, and the first density correction data for water'” simul-
taneously. The objective function was the weighted sum of the
squared relative difference between the experimental and calculated
values. The relative weight of the first density correction was adjusted
until 4 had the desired behavior but did not significantly degrade
the fit of the viscosity data. Although Matsunaga and Nagashima’
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used 26 terms, we found that a 25-term solution adequately repre-
sented the data. As mentioned above, we investigated using 20-26
terms and selected 25 since a further reduction in the total number of
terms degraded the fit, while increasing the number above 25 did
not provide significant improvement. The final values of the coef-
ficients for the residual function are given in Table 3. A detailed
comparison of the formulation with experimental data will be
presented in Sec. 4.

3.3. Critical region
3.3.1. Theory

The treatment of the viscosity of D,O in the critical region closely
follows the work by IAPWS for the viscosity of H,O in the critical
region.'” In the vicinity of a critical point, fluids exhibit large fluc-
tuations in the order parameter associated with the critical phase
transition. For pure fluids near the vapor-liquid critical point, the
order parameter can be asymptotically identified with the density and
the corresponding ordering field with the chemical potential. Con-
sequently, the behavior of thermodynamic and transport properties
becomes singular at the critical point. Asymptotically close to the
critical point, this singular behavior can be described by power laws
with universal critical exponents.”

A susceptibility y may be defined as the derivative of the order
parameter with respect to the ordering field. In terms of dimensionless
variables, the susceptibility is related to the isothermal compressibility
such that ¥ = p(9p/0p)7.”° The spatial extent of the fluctuations is
characterized by a correlation length £.”” Along the critical isochore p = 1
at T > 1, the correlation length £ and the susceptibility ¥ diverge as a
function of t = (T — 1)/T according to power laws of the form

E= &t and y = [t (8)

where £, and Iy are system-dependent amplitudes and v and y are
universal critical exponents. In this paper, we use the symbol = to
designate equality asymptotically close to the critical point. For the
universal critical exponents, we have continued to adopt the values in Eq.
(9) that were previously used in a comprehensive analysis of the ther-
modynamic properties of H,O and D,0”® and adopted in the JAPWS
correlations for the transport properties of H,O."” These values are
consistent with a subsequent review of the subject,79

v =0.630 and y = 1.239. )
From Eq. (8), it follows that

&~ & (x/To)". (10)

Although Eq. (10) is strictly valid only for p = p, it is also used as an
approximation for p # p..”’ The viscosity is predicted to diverge as*"**

= i, (Qod)™, (11)

where Qy is an effective wavenumber that determines the amplitude of
the power-law divergence of the viscosity, while x, is a universal
dynamic critical exponent, for which we have adopted the most recent
theoretical value”’

X, = 0.068. (12)

In Eq. (11), j4, is the so-called background viscosity, i.e., the viscosity
in the absence of any critical fluctuations. From Eq. (2), it follows that
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2 (T,f)) = iy (T) X, (T, p). (13)
The viscosity exhibits a multiplicative critical anomaly, i.e., the critical
enhancement is proportional to the background viscosity f,.""**
Equation (11) represents the divergent behavior of the viscosity
asymptotically close to the critical point. To apply the theory to ex-
perimental data, one needs a theoretically based “crossover” equation that
incorporates not only the asymptotic power law given by Eq. (11) but also
reduces to the normal background viscosity i, away from the critical
point. This problem has been solved by Bhattacharjee and co-
workers,”"*” who derived the following crossover equation to include the
critical behavior of the viscosity:

B = fy X, withjpi, = exp(x,,Y). (14)
The function Y is defined by

1 1 5 2] .
¥ = sin(3yp) - Cfsm<zwn)+( o s [1-3(ace)?|sin(yo)

_W{[ _E(ch)z]l/’D_KQCf) —1|3/2L(w)]», (15)
with

Y, = arccos [(1 + qlz)fz)il/z] (16)

and with the function L(w) given by

In L for gcé > 1
Lw)=4 !-w . 17)
2arctan |w| for gcé<1
The variable w is defined as
Y
— 2
_ qCE 1 an(b). (18)
qcf +1 2

The function Y contains two system-dependent constants, namely,
the wavenumbers ¢ and gp. Asymptotically close to the critical point,
ie., in the limit of large &, Eq. (14) reproduces Eq. (11) with an
amplitude Qo that is related to q¢ and gp such that®

= (qa1 + q]}l)em/Z. (19)

The wavenumber qc is related to a background contribution to the
decay rate of the critical fluctuations and is given by

ksT: Ty <ap>
: , (20)
= T6uA;pe E2\0 p=p.

where kg is Boltzmann’s constant and yf and Ay are the values of
the background viscosity and background thermal conductivity, re-
spectively, at the critical point, while (9p/dT),-, is the slope of
the critical isochore at the critical temperature. The wavenumber
qp represents a “Debye” cutoff of the mode-coupling integrals
for critical dynamics and is the only adjustable parameter in the theory.

For small &, the function Y approaches zero so that ji approaches
I, in this limit. Around & = 0, the function Y has a Taylor expansion of
the form

ARTICLE scitation.org/journalljpr
1 765
= act (and)’(1-ack+ (act)’ ~ 2o (and)’ ) =

The approximations in the derivation of Eq. (14) for the critical
enhancement of the viscosity have been discussed by Luettmer-
Strathmann et al.”” One of the approximations is that the isobaric
specific heat capacity ¢, in the mode-coupling integral for the viscosity
has been replaced by the difference ¢, — cy, where cy is the isochoric
specific heat capacity. These approximations are well-justified in the
small region around the critical point where a critical viscosity en-
hancement is observed.

Equation (10) represents the behavior of the correlation length &
near the critical point. In the theory of critical phenomena, & is to be
interpreted as that part of the actual correlation length associated with
the long-range critical fluctuations. Hence, the correlation length £ in
Eq. (15) should vanish far away from the critical point. To accomplish
this goal we have adopted a procedure proposed by Olchowy and
Sengers”’ by generalizing Eq. (10) to

£= E(,(AX) /)’ (22)

in terms of Ay (=0), which is defined by

= [»‘c(iﬁ)—x(h,ﬁ)%} (23)

In Eq. (23), Ty is a reference temperature sufficiently high above the
critical temperature where the critical fluctuations can be assumed to
be small. In practice, one may select Tgr = 1.5.°° % Furthermore, Ayis
to be taken to be zero when the right-hand side of Eq. (23) becomes
negative. This procedure assures that the correlation length £ in Egs.
(15) and (21) will vanish far away from the critical point, while Eq.
(22) still reduces to Eq. (10) asymptotically close to the critical point.
An accurate experimental determination of the viscosity of fluids
near their critical point is hampered by the presence of gravitationally
induced density gradients.”” To avoid this complication, the viscosity
of xenon near the critical density and critical temperature has been
measured by Berg et al.”’ at low-gravity conditions in the Space
Shuttle. In the hydrodynamic limit of zero frequency, the experi-
mental viscosity data are well represented by Eq. (14) with an ex-
perimental value for the critical exponent x, that agrees with the
theoretical value 0.068 within its uncertainty. We conclude that the
crossover [Eq. (14)] for the critical behavior of the viscosity has a
sound theoretical basis and has been validated experimentally.

3.3.2. Application to DO

The critical temperature, density, and pressure for DZO are those
consistent with the IAPWS reference EOS for heavy water'* and are
identical to the reference constants given in Table 2. The amplitudes
in Eq. (8) for the correlation length £ and the dimensionless sus-
ceptibility y of D,O are

& =0.13 nm, T, = 0.06. (24)

These amplitudes for the correlation length and the dimensionless
susceptibility are the same for D,O and H,O, as originally shown by
Kostrowicka Wyczalkowska et al.”* We have used these same values
for our analysis of H,0."””" The wavenumber g is given by Eq. (20)
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with the relevant properties for D,O. From the previous correlation
for the transport properties of D,0,"” it is found that
A =204 mW m™' K™!, while the present correlation for the back-
ground viscosity of D,O gives y = 40.023 pPa s. From the EOS of
Herrig et al,'* it is found that (ap/aT)p:pc =0.270 MPa K%, The
properties for D,O are substituted into Eq. (20) to calculate g¢! =
1.9 nm, which is the same cutoff value found for HZO.W")1 All in-
formation required for calculation of the critical viscosity enhance-
ment is now available, except for the system-dependent wavenumber
qp» which is optimized to best fit reliable viscosity data in the critical
region.

A detailed experimental study of the viscosity of D,O in the critical
region was completed by Rivkin and Romashin.” In these experiments,
the kinematic viscosity y/p was determined by measuring the flow rate
through a platinum capillary, which had an internal diameter of 0.3 mm
and a length of 50 cm, as a function of the pressure drop over the
capillary.”””* The temperature uncertainty (k = 2) was estimated at +0.03
K, while the pressure uncertainty was estimated at +0.01 MPa.”” In
principle, the method can lead to some complications due to the large
compressibility near the critical point.%’% However, as they did for H,O,
the investigators made measurements with various pressure differences
ranging from 3.3 kPa (25 mm Hg) to 1.2 kPa (9 mm Hg) and verified that
the measured kinematic viscosity became independent of the applied
pressure difference below 1.6 kPa (12 mm Hg)."””"” For the mea-
surements on D,0 at densities from 250 to 450 kg m >, the experiments
were conducted with pressure drops of 1.2-1.5 kPa (9-11 mm Hg)
that corresponded to Reynolds numbers of 300-500.” We have
adopted the values determined by Rivkin and Romashin for the
kinematic viscosity with an uncertainty estimate of +1% as suggested by
the authors.”

Rivkin and Romashin®’ obtained the kinematic viscosity as a
function of temperature in terms of measured pressures and tempera-
tures on the IPTS-68 scale. We have converted the experimental tem-
peratures to ITS-90, calculated the densities from the EOS of Herrig
et al."* for D,0, and converted the experimental values for the kinematic
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FIG. 5. Critical enhancement of the viscosity of D,O from the data of Rivkin and
Romashin®” as a function of density: 645.107 K (e), 647.106 K (#), 653.106 K (A),
663.104 K (X). Equation (14): 645.107 K (solid line), 647.106 K (large dashed line),
653.106 K (small dashed line), and 663.104 K (dotted line).

viscosity u/p into values for the dynamic viscosity y. Figure 4 shows this
dynamic viscosity data as a function of density. A viscosity enhancement
is visible in Fig. 4 that is centered about the critical density of 356 kg m™>.

From Eq. (14), it is possible to obtain experimental values for the
critical enhancement i, from the measured viscosity g with
knowledge of the background viscosity i, with its component terms
as described in Sec. 3.1 for the dilute gas and in Sec. 3.2 for the residual
contributions [see Eq. (13)]. Only the isotherms at 645.107, 647.106,
and 653.106 K of Rivkin and Romashin® are expected to have critical
enhancement that exceeds the 1% uncertainty in these data based on
the theory for the critical enhancement of viscosity. The Rivkin and
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FIG. 4. Dynamic viscosities calculated from the kinematic viscosity data of Rivkin
and Romashin” with densities calculated from the EOS of Herrig et al."* for D,0:
645.107 K (o), 647.106 K (), 653.106 K (A), 663.104 K (X), and 673.102 K (+).
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FIG. 6. Critical enhancement of the viscosity of D,O from the data of Rivkin and
Romashin”® as a function of correlation length: 645.107 K (s), 647.106 K (#),
653.106 K (A), and 663.104 K (X).
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Romashin” data along the isotherms at 663.104 and 673.102 K were
included in the fit for the background viscosity without any con-
tribution for critical enhancement. The resulting background fit was
then used to obtain experimental values for the critical enhancement
from the data of Rivkin and Romashin.”” The optimum value for g
was found to be 0.4 nm based on the three isotherms with significant
critical enhancement at 645.107, 647.106, and 653.106 K. The critical
enhancement is shown in Fig. 5 as a function of density. Figure 5 also
shows curves calculated from the model with an optimum value for
gp = 0.4 nm. The experimental critical enhancement is well centered
about the critical density so that the experimental temperature is
consistent with the critical temperature adopted here. Any temper-
ature shift would also shift the apparent critical enhancement to
densities away from the critical density, contrary to theory. The model
generally represents the data well, except four data points, denoted by
open circles, along the isotherm at 645.107 K near the critical density.
These suspect data points indicate a critical enhancement of nearly
13%, while the theoretical model indicates it should be less than 7%, as
will be further discussed below.

In applying the theoretical model for the critical viscosity en-
hancement, we have calculated the correlation length & from Eq. (22)
using the IAPWS EOS for D,0."* Figure 6 shows the experimental
critical enhancement as a function of this correlation length. Again,
the four suspect data points exhibit a significantly larger critical
enhancement than expected from the theoretical considerations
and are depicted as open circles. The solid curve is Eq. (14) with
qp' = 0.4 nm.

3.3.3. Extrapolation to the critical point

The asymptotic power laws are described in Eq. (8) for the corre-
lation length and in Eq. (11) for the critical enhancement of viscosity. The
extrapolation behavior of the model described in Secs. 3.3.1 and 3.3.2 will
be examined based upon these asymptotic power laws. The classical
TAPWS EOS for D,O"* has been optimized to describe the thermody-
namic properties of D,O based upon available data, which are sparse very
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FIG. 7. The correlation length & for D,O as a function of reduced temperature
t=(T-T)T.
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close to the critical point. Figure 7 shows the correlation length based on
this EOS along with that from the asymptotic power law at the critical
isochore as a function of t = (T — T..)/T. The solid curve is from the EOS of
Herrig et al.,'* and the dashed curve is with the asymptotic critical power
law & = &5, The short-dashed vertical line denotes T — T. = 04 K.
Deviations appear when T — T, becomes smaller than 0.4 K. Hence, use of
the EOS of Herrig et al."* will restrict our ability to reproduce the divergent
behavior of the viscosity within 0.4 K from the critical temperature ac-
curately. Fortunately, the viscosity only diverges as £°® so that the effect
of this deficiency remains small at most temperatures of practical interest.

The four experimental values for the viscosity of D,O from
Ref. 25 that appear to be inconsistent can be evaluated relative to the
theoretical limiting asymptotic power law for enhancement of vis-
cosity along the critical isochore. The critical enhancement data
shown in Fig. 5 can be interpolated for each isotherm at the critical
density. These critical enhancement values at the critical density are
shown in Fig. 8. In this figure, the solid curve represents crossover
theory based on the correlation length ¢ from the EOS of Herrig
etal,"" and the dashed curve is the theoretically predicted power-law
divergence of the viscosity. It is apparent that the isotherm at
645.107 K exhibits an apparent critical enhancement that is incon-
sistent with the other isotherms. The other isotherms agree well with
the theory with gp' = 0.4 nm. The asymptotic power law is shown as a
dashed line that has been located so that it goes through the ex-
perimental value for the isotherm at 647.106 K. The asymptotic
power-law slope is the steepest value that the crossover expression can
approach. Thus, in contrast to the viscosity near the critical point of
H,0,'””" itis not possible to account for the deviations by a shift of T,
such that a theoretically acceptable line goes through the critical
enhancement values for both the isotherms at 645.107 and 647.106 K.
We conclude that in this figure, the four outlier data points along the
645.107 K isotherm are not reliable.

3.3.4. Evaluation of the optimum wavenumber cutoff

The only adjustable parameter in the crossover model for the
critical enhancement of viscosity is the wavenumber cutoff gp. As
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described in Sec. 3.3.2 and shown in Figs. 5 and 6, the optimum value is
given by g’ = 0.4 nm for the enhancement of D,O viscosity. Detailed
examinations of the viscosity' ' and thermal conductivity”’ of H,O are
also available for comparison. For ordinary water, for viscosity,” the
value of g is 1.1 nm and for thermal conductivity, g is 0.4 nm.”’

The critical enhancement of the viscosity and thermal con-
ductivity of many fluids has been studied based on crossover
theory.”””® Based upon the critical enhancement of thermal
conductivity, a simple correlation has been developed for the
wavenumber cutoff in terms of the cube root of critical molecular
volume. This is given by gp'/nm = —0.0240 + 0.863v.*/nm, where
Ve is the molecular volume of the fluid at its critical point.”*”* For
H,O0 at the critical point, v'/* = 0.453 nm and the correlation predicts
gp' =0.367 nm. For D,0 at the critical point, v® = 0.454 nm and the
correlation predicts g = 0.368 nm. This correlation indicates that
there should be an insignificant difference between the wavenumber
cutoff for H,O and D,0. The correlation agrees well with the ex-
perimentally determined values for H,O thermal conductivity, D,O
thermal conductivity, and D,0O viscosity, but not for H,O viscosity.
The critical enhancement for viscosity is localized, exceeding 2% only
within 8.5 K of the critical point where measurements are very dif-
ficult. The critical enhancement for thermal conductivity is significant
over a much wider range of temperatures and densities.

The viscosity enhancement of Eq. (14) contributes an amount
greater than the uncertainty of 2% of our correlation only at states
where £ > 2.03 nm. This condition is satisfied only at temperatures
and densities within the following boundaries:

641.428 K< T <652.259K

and
243.393kg m™ < p < 481.819kg m™>. (25)

The dashed curve in Fig. 9 shows where 1, = 1.02, and the box shows
the region given by Eq. (25).

One comment should be made concerning the calculation of the
viscosity in the critical region from Eq. (14). While the function Y
defined by Eq. (15) does become zero in the limit that & goes to zero,

740

720 | H2<1.00052 1y <1.00052

700

15 >1.00052
680 :

T (K)

660

640

620 + Critical Point

Saturated Liauid \

0 100 200 300 400 500 600 700 800
p (kg m3)

600

FIG. 9. Temperature and density regions where the viscosity enhancement 7,
exceeds 1.00052 (dotted curve) and 1.02 (dashed curve).
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some individual terms diverge in that limit. Hence, Eq. (15) is no
longer suitable for numerical calculations at small values of &: for
0<&£<0.03021806692 nm, Eq. (21) should be used, while for
£>0.030218066 92 nm, Eq. (15) applies. In addition, when Ay
calculated by Eq. (23) is less than zero, it must be set to zero for
calculations to proceed. Furthermore, due to the numerical imple-
mentation of the EOS, the calculated singularity in the first derivative
in Eq. (23) may not occur exactly at T, and p,;, as it should. Therefore,
depending on the software used, calculated values of ji, may behave
unphysically at points extremely close to the critical point (ap-
proximately within 0.01 kg m™ of p. on the critical isotherm). The
formulation should be used with caution in this very small region.

3.4. Simplified formulation

Because the critical enhancement of the viscosity contributes less
than 2% except in a small region around the critical point between the
dashed curve and the phase saturation boundary that is described
approximately by Eq. (25) (area inside the rectangular box in Fig. 9),
complexity and computing time may be reduced by omitting the
critical enhancement for applications outside this region. This can be
done by setting j#, = 1. If a calculation is based upon the crossover
model of Eq. (14) near the critical point but uses ji, = 1 far from the
critical point, some discontinuity is inevitable. However, this dis-
continuity remains less than 0.052% for single-phase states outside a
region near the critical point bounded by the equation

3 .
T/(K) = a; [p/ (kg m )], (26)
i=0

where ay = 447555 X 10% a; = 1.73284, a, = -3.02766 X 107>, and
a3 = 1.24296 X 107°, Equation (26) is also shown in Fig. 9 as a dotted
curve relative to the location of the critical point and saturation phase
boundary.

3.5. Computer-program verification

Tables 4 and 5 are provided to assist the user in computer-
program verification. The viscosity calculations are based on the
tabulated temperatures and densities. Due to the numerical imple-
mentation of the critical enhancement, calculated values may differ by
0.000 001 nm for & or 0.000 001 pPa s for y. In addition, care may need
to be taken during coding if one is using molar units; one must use the
value of the molar gas constant as specified in the EOS
documentation."”

TABLE 4. Sample points for computer-program verification of the correlating equation
(2) with g1, =1

T (K) p (kg m™?) ¢ (uPas)
298.15 0 10.035938
298.15 1105 1092.642 4
298.15 1130 1088.3626
373.15 1064 326.63791
775.00 1 29.639474
775.00 100 31.930085
775.00 400 53.324172
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TABLE 5. Sample points for computer-program verification of the correlating equation
(2) in the region near the critical point

T (K) p (kgm™) ¢ (nm) i, ¢ (uPa s)

644.101 145 0358588  1.000359  26.640959
644.101 245 1612131 1.014771  32.119967
644.101 295 5034204 1050059  36.828275
644.101 345 15100541  1.106000 43225017
644.101 395 9.678685  1.080915  47.193530
644.101 445 2903436 1.030066  50.241640

3.6. Recommendation for industrial applications

For industrial applications where greater computing speed is

needed, it is recommended that the viscosity be calculated from

#= =ty (1) Xy (T, p), @27
with g, (T) as specified in Sec. 3.1 and with i, (T, p) as specified in
Sec. 3.2. The EOS of Herrig et al."* should be used to determine the
density for use in Eq. (27) when the state point is defined by the
temperature and pressure or other state variables. Physically, this
means that for industrial applications, the critical viscosity
enhancement can be neglected and the viscosity y can be identified
with the background viscosity y,, defined by Eq. (13), everywhere
including in the near-critical region.

With this recommended industrial formulation for the viscosity
of D,0, the error introduced is smaller than the uncertainty of the
scientific viscosity formulation given by Eq. (2), provided that the
point is within the range of validity of the EOS, except for points close
to and inside the near-critical region described by Eq. (25). Deviations
between the viscosities calculated from the industrial viscosity for-
mulation and the complete scientific viscosity formulation are shown
in Fig. 10. The region of densities and temperatures where the

100 (#gq(28) - HEq.2) Eq.2)

200 250 300 350 400 450 500
p (kg m?)

FIG. 10. Deviations along selected isotherms between the full model [Eq. (2)] and
the simplified model for industrial applications [Eq. (27)].
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deviations exceed 2% is very small and may in practice be ignored for
industrial applications.

3.7. Liquid D,O at 0.1 MPa

It is useful to have a simple correlation for the viscosity of liquid
D,0 at atmospheric pressure (0.1 MPa) with uncertainties no greater
than that of the full formulation developed as Eq. (2). A simplified
equation was developed by fitting the primary experimental data at
atmospheric pressure to the form

p= aini, (28)

R

Il
—_

1

where the coefficients a4; and exponents b; are given in Table 6.
Equation (28) may be used over the range

242.16 K< T <374.54 K. (29)

Some points within this range are in the metastable liquid region, and
as discussed earlier, the densities for the metastable region used in
developing Eq. (2) were obtained from the work of Duska et al.®'
rather than from the EOS of Herrig et al.'” The uncertainty for
Eq. (28) is 1% for the stable liquid region and 3.5% for the metastable
supercooled liquid at temperatures from the triple point (276.969 K)

TABLE 6. Coefficients a; and exponents b; in Eq. (28) for the viscosity of liquid D,O at
0.1 MPa

i a; bi

1 96.892 3 —-1.005 87
2 4.30072 —6.565 94
3 9.02697 X 107* —-16.069 1
4 1.08054 X 1074 —42.6551

15

—
(=}

wn

100 (.uexp - .uﬁt)/ﬂexp
n =

—
o

-15

TX)

FIG. 11. Deviations of the primary data at 0.1 MPa from Eq. (28): Harlow™ (),
Agayev and Usibova™ (), Selecki et al.*” (1), Agayev et al.*” (O), Millero et al.”’
(0), Kellomaki** (), Osipov et al.”® (), Gongalves™ (@), Agayev’’ (@),
Agayev”' (@), Harris and Woolf** (€, and Issenmann and Caupin®* (X).
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TABLE 7. Summary of critical region constants

Constant Value
X, 0.068
q 1.9 nm
a0 0.4 nm
v 0.630

y 1.239

& 0.13 nm
T, 0.06

Tr 1.5

ARTICLE scitation.org/journalljpr

down to 260 K and 7% for 250-260 K, rising to 13% at 242 K. When
using the full formulation [Eq. (2)], if the density is computed from
the EOS of Herrig et al.,'* the uncertainties are the same except for the
very lowest temperatures from 244 to 250 K, where the uncertainty
reaches 14%. Figure 11 shows the deviations of Eq. (28) as a function
of temperature from all primary data at 0.1 MPa. The vertical dotted
line denotes the location of the triple-point temperature. In the
supplementary material of their work on supercooled water, Dehaoui
et al.” stated that the large differences between their work and the
work of Osipov et al.” are due to a bias of the Poiseuille flow ex-
periments due to electro-osmotic effects, and this also would explain

TABLE 8. Summary of comparisons of Eq. (2) with experimental data and the previous 2007 IAPWS formulation for the viscosity

Present work

Previous IAPWS formulation'”

First author Uncertainty (%)"  Number of data AAD AVG STDEV MAX AAD AVG STDEV MAX
Primary data

Issenmann”” 2-7 78 3.68 -0.70 4.70 12.93 4.03 -0.96 4.89 12.77
Harris™ 1 128 0.58 -0.38 0.68 231 8.71 -871  14.17 -64.83
Agayev’' 1.2 182 0.59 0.18 0.74 -3.66 3.92 -3.76 426 -20.22
Rivkin® 1 57 2.20 1.39 2.88 10.91 5.73 5.65 4.12 18.17
Kestin™ 0.2 72 047  -0.44 0.34 -1.43 0.64 -0.62 0.54 -2.01
Agayev’ 0.5-1.5 172 1.98 -1.38 2.38 -13.02 1.15 0.60 1.39 -7.07
Goncalves™ 0.1 6 0.14 0.07 0.14 0.24 0.18 -0.18 0.19 -0.51
Rivkin®’ 1 71 0.68 0.09 0.96 3.70 3.71 3.71 1.54 11.44
Abe™ 1.5 40 223 -2.23 1.40 -5.80 0.72 -0.51 0.72 -1.85
Kinoshita™’ 0.5 50 1.18 -0.26 1.67 -5.99 0.95 -0.10 1.18 2.85
Osipov’”’ 1.5-3 26 428 2.93 5.76 17.08 5.20 2.74 6.81 19.00
Kellomaki” 0.1 6 0.38 0.38 0.05 0.43 0.21 0.07 0.21 -0.33
Rivkin”"" 1 50 064  -046 0.79 -221 0.83 0.05 1.15 426
Rivkin™ 1 69 036  -0.14 0.97 422 0.80 0.37 1.55 8.40
Timrot™” 0.35 15 0.28 -0.20 0.30 -0.51 0.40 0.40 0.22 0.96
Agayev"’ 1 157 0.80 0.49 0.95 3.91 0.98 0.29 1.25 447
Millero™! na 28 0.17 0.16 0.12 0.35 0.24 -0.19 0.26 -0.77
Selecki'” 0.8 6 0.47 0.28 0.48 0.92 0.39 -0.10 0.47 -0.71
Agayev"’ 0.5 257 0.53 0.23 0.66 456  0.53 0.05 0.68 423
Harlow™ 14 9 0.747 -0.16 1.02 441 6.72 207 1207 42.70
Bonilla™ 0.3 15 1.31 -1.14 1.19 -2.88 1.09 -0.70 1.10 -2.29
Secondary data

Frost'® 4 13" 4.88 1.05 5.73 12.75 7.88 -4.77 8.061 -18.04
DeFries'’ 2 36 340  -3.24 2.56 -1038  33.66 -33.66  28.17 -102.43
Lee” 2 55 197 -171 1.93 -7.69 1.93 -0.88 2.52 -9.85
Timrot ™ 0.5 24 3.39 3.39 1.84 9.79 3.24 322 2.02 10.28
Heike * 3 12 0.95 0.20 1.47 4.49 1.21 -0.09 1.80 5.04
Hardy ™" 0.25 11 0.23 0.16 0.24 0.64 0.59 -0.48 0.44 -0.98
Lemonde™” na 17 2.10 0.60 2.95 8.68 2.18 0.04 2.82 7.90
]ones“’_(’_ na 1 0.42 0.42 na 0.42 0.35 0.35 na 0.35
Baker”’ na 1 12.55 12.55 na 1255  11.09 11.09 na 11.09
Taylo;bs na 1 1.12 1.12 na 1.12 1.02 1.02 na 1.02
Lewis™ 0.5 7 0.80 0.63 0.65 1.39 0.60 0.25 0.64 1.02
Selwood*’ na 1 13.96 13.96 na 13.96 12.18 12.18 na 12.18

“na: Not available.

“Excludes three points that exceed the maximum pressure of the EOS (1200 MPa).
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the large differences between the work of Issenmann and Caupin””
and that of Osipov et al.”’

4, Evaluation

In summary, the recommended formulation for the viscosity is
given by Eq. (2),
=i, (T) X i, (T, p) X i, (T, p). (30)
The function ji, (T) is given by Eq. (3), and the function j, (T, p) is
given by Eq. (4) with coefficients in Table 3. The function , (T, p)
is given by Eq. (14) as a function of Y(§) defined by Eq. (21)
for 0 < & < 0.03021806692 nm and by Eq. (15) for
& > 0.03021806692 nm. For convenience, the critical region
constants are summarized in Table 7.

4.1. Comparisons with experimental data
and the 2007 IAPWS formulation for viscosity

In order to evaluate performance, we compared the results of the
new formulation [Eq. (2)], and also the 2007 IAPWS formulation'” for
the viscosity, with the experimental database. Comparisons with all
points in the experimental database are presented in Table 8, which gives
the average percent deviation, the average absolute percent deviation
(AAD), the standard deviation, and the maximum percent deviation of
each data source. Some points are extrapolations of the 2007 IAPWS
formulation'” because they are outside of its recommended range of
temperatures and densities. All densities were calculated with the new
EOS of Herrig et al,'* with the exception of points in the supercooled
liquid region below the triple-point temperature at atmospheric pressure
where the densities were obtained from Duska et al.®’ We define the
percent deviation as P = 100 * (fexp — ffie)/texps Where fey, is the ex-
perimental value of the viscosity and pg, is the value calculated from the
present formulation [Eq. (2)]. The AAD is found with the expression
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FIG. 12. Percentage deviations of the primary experimental data from the present
formulation as a function of temperature for pressures below 0.102 MPa: Bonilla
etal.”® (recalculated) (), Harlow™ (£v), Agayev and Usibova* (s), Selecki etal.*”
(00), Agayev et al.*’ (O), Millero et al.*" (¢), Timrot et al.” (m), Kellomaki** (€),
Osipov etal.” ((), Abe etal.”’ (), Agayev’’ (@), Gongalves™ (@), Kestin etal.*®
(A\), Agayev™ (@), Harris and Woolf* (€Y, and Issenmann and Caupin® ().
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FIG. 13. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of temperature for pressures below 0.102 MPa:
Bonilla et al.® (recalculated) (), Harlow"* gayev and Usibova™ (s),
Selecki et al.*” (o), Agayev et al.”’ (0), Mlllero et al” T|mrot etal™ (m
Kellomaki** (), Osipov et al.* (0), Abe et al.” (), Aga ev ’ (@), Gongalves 8
(@), Kestin et al.”® (A\), Agayev™ (@), Harris and Woolf’ (€, and Issenmann
and Caupin® (X).

AAD = (X|P|)/n, where the summation is over all n points; the average
percent deviation is AVG = (XP)/n, and the standard deviation is
STDEV = ([nZP*— (2P)*)/n*)"2. Asindicated in Table 8, the results of the
new formulation and the 2007 IAPWS formulation for the viscosity for
the data sources that were used in the earlier IAPWS formulation are in
most cases comparable, with the most significant differences observed
mainly in areas where the earlier formulation was not applicable, such as
pressures above 100 MPa.
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FIG. 14. Percentage deviations of the primary experimental data from the present
formulation as a function of temperature for pressures between 0.102 and 100 MPa:
Harlow"* (A 5) Agayev and Usibova™ (e), Agayev et al.*’ (O), Rivkin et al.** (A),
Rivkin ef al. (), Timrot et al.*’ (m), Abe et al.”” (#), Kinoshita et al.”' (£),
Agayev | (©). Rivkin et al. % (A\), Kestin et al*° (4\), Rivkin and Romashin®® (A\),
Agayev”' (@), and Harris and Woolf” (©).
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FIG. 15. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of temperature for pressures between 0.102 and
100 MPa: Harlow"* (), Agayev and Usibova™ (e), Agayev et al.*’ (), Rivkin
etal*® (A), Rivkin etal.”® (A), Timrot et al.* (m), Abe et . “ (#), Kinoshita etal31
(£2), Agayev’’ (@), Rivkin et al.*” (4\), Kestin et al.*° (4\), Rivkin and Romashin”®
(A\), Agayev’* (@), and Harris and Woolf* ().
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FIG. 16. Percentage deviations of the primary experimental data from the present
formulation as a function of temperature for pressures above 100 MPa: Harlow"
(), Agayev and Usibova“ (e), Agayev et al.*” (O), Agayev’’ (@), Agayev’* (@),
Harris and Woolf** (€, and Frost and Glenzer’® (=).

Figures 12-17 show the percent deviations of the present model
and the 2007 IAPWS formulation with the primary experimental data
as a function of temperature for three different pressure ranges, while
Figs. 18 and 19 display the same deviations as a function of density,
and Figs. 20-25 show deviations as a function of pressure for three
different ranges of temperature. In addition, although not in the
primary data and not used in the development of the formulation,
comparisons with the data of Frost and Glenzer'® are also indicated in
the figures. Three points from Ref. 46 that exceed the upper limit of
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FIG. 17. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of temperature for pressures above 100 MPa:
Harlow™ (£x), Agayev and Usibova“” (), Agayev et al.*’ (O), Agayev’’ (@),
Agayev”* (@), Harris and Woolf”* (€, and Frost and Glenzer™® (=).
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FIG. 18. Percentage deviations of the primary expenmental data from the present
formulation as a function of denS|ty Bonilla et al.*” (recalculated) (), Harlow*
(&), Agayev and US|bova (o), Selecki et al.** (), Agayev et al.”’ (O), Millero
et al.*' (0), Rivkin et al.** (A), Rivkin et al.”* (A), Timrot et al.” (m), Kellomaki**
(€b), Osipov et al.* (D), Abe et al.”’ (#), Kinoshita et al.”' (£8), Agayev’’ (@ ),
Gongalves™® (@), Rivkin et al.*” (4\), Kestin et al.”® (A\), Rivkin and Romashln
(A\), Agayev™* (@), Harris and Woolf” (&), Issenmann and Caupin® (X), and
Frost and Glenzer™® (=).

the EOS (1200 MPa) are not included in the comparisons for either
the current model or the 2007 IAPWS formulation. In the figures
associated with the 2007 IAPWS formulation, some very high-
pressure points are out of the range of the figures. It should be
noted that the stated range of applicability for the 2007 IAPWS
formulation'” is 0 MPa < p <100 MPaand 277 K< T < 775K, but it
was stated that reasonable extrapolation could be expected up to 200
MPa.” We note that the 2007 IAPWS formulation was not developed
for, or intended for, use at pressures above 200 MPa; it can have very
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FIG. 19. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of density. Bonilla et al.“® (recalculated) (),
Harlow"’ (), Agayev and Usibova™ (s), Selecki et al.** (C0), Agayev et al."’ (O),
Millero et al.*" (0), Rivkin et al.*® (A), Rivkin et al”> (A), Timrot et al.” (m),
Kellomaki® (), Osipov et al.** (®), Abe et al.” (#), Kinoshita et al.*" (£2),
Agayev’’ (@), Gongalves™ (@), Rivkin et al.”” (4y), Kestin of al”® (A\), Rivkin and
Romashin”® (A), Agayev’* (@), Harris and Woolf*” (&), Issenmann and Caupin®”
(X), and Frost and Glenzer® (=).
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FIG. 20. Percentage deviations of the primary experimental data from the present

formulation as a function of pressure for temperatures below 276.97 K: Osipov

etal* (), Agayev™' (@), Harris and Woolf* (€, and Issenmann and Caupin””
X).

large deviations, reaching almost 80%, when extrapolated to pressures
approaching 1000 MPa. It is not appropriate to make comparisons
outside of the intended range of a correlation; we show these com-
parisons primarily to demonstrate the dangers of using an empirical

correlation outside of its intended range.

The primary region where there are significant differences in
the performance of the previous IAPWS formulation for the
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FIG. 21. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of pressure for temperatures below 276.97 K:
Osipov et al.”* (&), Agayev™ (@), Harris and Woolf** (€Y, and Issenmann and

Caupin® (X).
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FIG. 22. Percentage deviations of the primary experimental data from the present
formulation as a function of pressure for temperatures between 277 and 500 K:
Bonilla et al.”® (recalculated) (), Harlow* (), Agayev and Usibova™ (e),
Selecki et al.* (1), Agayev et al.”’ (O), Millero et al.*" (0), Rivkin et al.” (A), Rivkin
et al.”” (A), Timrot et al.” (m), Kellomaki** (), Osipov et al.” (&), Abe et al.*’
(#), Kinoshita et al.”" (£5), Agayev’’ (@), Gongalves™ (@), Kestin et al.”® (A\),
Agayev” (@), Harris and Woolf*” (€, Issenmann and Caupin” (X), and Frostand

Glenzer™® (=).

viscosity and this work are for the liquid at very high pressures,
demonstrated by the deviations shown for the datasets of Harris and
Woolf,”* Harlow,** and Agaev.z'l'l " As already mentioned, the 2007
IAPWS formulation is recommended for use only up to 100 MPa;
this was because the formulation is in terms of T and p and, hence, was
tied to the EOS of Hill et al.” that was limited to 100 MPa. As noted by

Matsunaga and Nagashima,” their formulation may be extended to 200
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FIG. 23. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of pressure for temperatures between 277 K and
500 K: Bonilla et al.**(recalculated) (3), Harlow™ (£x), Agayev and Usibova*“(e),
Selecki et al.**(Cn), Agayev et al."’ (O), Millero et al.* (0), Rivkin et al.*® (A), Rivkin
et al”” (A), Timrot et al.* (m), Kellomaki** (€}, Osipov et al.*” (&), Abe et al.*’
(), Kinoshita et al.*" (£2), Agayev’” (@), Gongalves™ (@), Kestin et al.”® (A\),
Agayev”' (), Harris and Woolf** (€, Issenmann and Caupin® (), and Frostand
Glenzer®® (=).
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FIG. 25. Percentage deviations of the primary experimental data from the 2007
IAPWS formulation as a function of pressure for temperatures above 500 K: Bonilla
etal.”® (recalculated) (), Agagev etal.”” (0), Rivkin etal.*® (A), Rivkin etal” (),
Timrot et al.”* (m), Abe et al.”” (#), Kinoshita et al” (8), Agayev’’ (@), Rivkin
et al”’ (4\), and Rivkin and Romashin® (A\).
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FIG. 24. Percentage deviations of the primary experimental data from the present
formulation as a function of pressure for temperatures above 500 K: Bonilla et al.“®
(recalculated) (¥ gev etal"’ (O), Rivkin et al.* (A), Rivkin et al.” (A), Timrot
et al.” (m), Abe et al” (e), Kinoshita et al. 1 (#8), Agayev’’ (@), Rivkin et al.*’
(A\), and Rivkin and Romashin” (A.).

MPa for temperatures between the triple point and 473 K; above 200
MPa, the deviations increase significantly. The data of Harlow cover the
temperature range from 283 to 373 K and extend to 964 MPa. The present
formulation represents this dataset to about 2.5% over the entire pressure
range to almost 1000 MPa. The more recent data of Harris and Woolf
extend from 256 to 298 K at pressures up to 395 MPa, and the authors
give an estimated experimental uncertainty of 1%. The present for-
mulation, as indicated in Table 8, represents these data to within about
1.4%, slightly more than the experimental uncertainty. The data of

0.01

vapor

0.001

500 600 700 800 900 1000
T (K)

0.0001 EEE—
200 300 400

FIG. 26. Expanded uncertainties of the present formulation for the viscosity of heavy
water.

Agaev’' covering 263-283 K near the freezing curve at pressures up to
216 MPa are represented to within 1.6%, which is only slightly more than
their estimated uncertainty of 1.2%. Deviations for the other Agaev’”’
dataset, containing data at pressures up to 196 MPa, have larger devi-
ations but generally are within about 4%.

4.2. Range and uncertainty estimates
for the formulation

The domain of validity of the formulation encompasses all
thermodynamically stable fluid states in the following ranges of
pressure p and temperature T
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0<p<py and

pt< p<100 MPa and
100 MPa< p<200 MPa and
200 MPa< p<960 MPa and

T <T<775K,
Tm(p)<T<775K,
Tm(p)<T <473 K,
Tm(p)<T<373K

(31

In Eq. (31), Ty, is the pressure-dependent melting temperature,"*
T, = 276.969 K is the triple-point temperature,'* and p, = 0.661 59 kPa
is the triple-point pressure.'* The density from the EOS of Herrig
et al."" should be used to determine the densities used as input to
Eq. (2), when the state point under consideration is defined by
pressure and temperature or by other thermodynamic variables in-
stead of density and temperature.

In addition, as mentioned in Sec. 3.1, the dilute-gas component
of Eq. (2) behaves in a physically reasonable manner up to at least
2500 K. Furthermore, for vapor states at temperatures below the
triple-point temperature of 276.969 K and pressures less than or equal
to the sublimation pressure, the viscosity calculation is dominated by
the dilute-gas term, and this behaves in a physically reasonable
manner down to at least 250 K. For stable fluid states outside the range
of validity of Eq. (31) but within the range of validity of the Revised
Release on the IAPWS Formulation 2017 for the Thermodynamic
Properties of Heavy Water,'” the extrapolation behavior of Eq. (2) is
physically reasonable. The current formulation may also be used for
extrapolation into the metastable subcooled liquid at atmospheric
pressure down to 242 K. For calculating density in the metastable
liquid below the triple point, we used the method of Dugka et al.”'

For the development of the estimates of uncertainty, we relied
upon comparisons with the previous IAPWS formulation for the
viscosity'* and with a subset of the experimental database used to
develop the correlation. The subset contained the data with the lowest
uncertainties for specific regions in the phase diagram. The relative
uncertainties in this formulation are summarized in Fig. 26. The
uncertainty estimates can be considered as estimates of an expanded
uncertainty with a coverage factor of 2.

5. Conclusions

The international task group, comprising members affiliated
with IAPWS and the IUPAC transport properties committee (now
established as the International Association for Transport Proper-
ties), has completed its examination of the data, theory, and models
most appropriate for describing the viscosity of heavy water over
broad ranges of temperature and pressure. The resulting equation (2),
with subsidiary equations and the accompanying tables of coefficients
and parameters, should allow calculation of the viscosity of heavy
water for most purposes according to international consensus and
within uncertainty bounds achievable with current information. As
evidenced by Fig. 26, there still are regions where the availability of
new experimental data with low uncertainties could lead to im-
provements in future representations of the viscosity surface of D,0.
Furthermore, improvements in theory may better elucidate the high-
temperature extrapolation behavior.

The form of Eq. (2) and the general forms of the constituent
factors are similar to those established in the earlier standard for-
mulation'” but now include the term i, that provides a theoretical
description of the critical region. The new formulation also allows
calculations in a broader range of state variables, considers an ex-
panded set of experimental data, incorporates advances in the
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calculation of the zero-density viscosity by Hellmann and Bich,'® can

be used in the metastable supercooled region down to 242 K, and is
consistent with the recent consensus formulation for the thermo-
dynamic properties of heavy water. The comparisons of Sec. 4 provide
support for the uncertainty estimates over the full range of appli-
cability of the formulation.

In addition, the viscosity is needed for the development of a
correlation for the thermal conductivity, where it is used in the terms
involving the critical enhancement of the thermal conductivity. A new
thermal conductivity formulation for heavy water has been developed
and is currently being evaluated by IAPWS.

The recently adopted IAPWS Release on the Viscosity of Heavy
Water'® provides a concise description of the correlating equations
for potential users. This paper provides a detailed explanation of the
formulation.
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